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Abstract. We analyze the functorial and multiplicative properties of the Thorn spectrum func- 
tor in the setting of symmetric spectra and we establish the relevant homotopy invariance. 



1. Introduction 

The purpose of this paper is to develop the theory of Thorn spectra in the setting of symmetric 
spectra. In particular, we establish the relevant homotopy invariance and we investigate the multi- 
plicative properties. Classically, given a sequence of spaces Xq — > Xi — >■ X2 — > . . . , equipped with 
a compatible sequence of maps /„ : X„ BO{n), the Thom spectrum T{f) is defined by pulling 
the universal bundles V{n) over BO{n) back via the /„'s and letting 



T{f)n = f*V{n)/Xr,. 

Here the bar denotes fibre-wise one-point compactification. More generally, one may consider 
compatible families of maps X„ — BF{n), where F{n) is the topological monoid of base point 
preserving self- homotopy equivalences of , and similarly define a Thom spectrum by pulling back 
the canonical S'"-(quasi)fibration over BF{n). Composing with the canonical maps BO{n) 
BF{n), one sees that the latter construction generalizes the former. This generalization was 
suggested by Mahowald [21], [25], and has been investigated in detail by Lewis in [20] . 

1.1. Symmetric Thom spectra via I-spaces. In order to translate the definition of Thom 
spectra into the setting of symmetric spectra, we shall modify the construction by considering 
certain diagrams of spaces. Let I be the category whose objects are the finite sets n = {1, . . . , n}, 
together with the empty set 0, and whose morphisms are the injective maps. The concatenation 
m U n in I is defined by letting m correspond to the first m and n to the last n elements of 
{1, . . . ,m -|- n}. This makes I a symmetric monoidal category with symmetric structure given 
by the (m, n)-shuffles Tm,n ■ m U n — n U m. We define an I-space to be a functor from X to 
the category U of spaces and write lU for the category of such functors. The correspondence 
n — BF{n) defines an I-space and we show that if X — > BF is a map of I-spaces, then the Thom 
spectrum T{f) defined as above is a symmetric spectrum. The main advantage of the category 
Sp of symmetric spectra to ordinary spectra is that it has a symmetric monoidal smash product. 
Similarly, the category 114 / B F of X-spaces over BF inherits a symmetric monoidal structure from 
X and the Thom spectrum functor is compatible with these structures in the following sense. 

Theorem 1.1. The symmetric Thom spectrum functor T : lU/BF — )• Sp^ is strong symmetric 
monoidal. 

That T is strong symmetric monoidal means of course that there is a natural isomorphism of 
symmetric spectra T{f) A T{g) ^ T{f H g), where f^g denotes the monoidal product in lU / BF. 
In particular, T takes monoids in lU / BF to symmetric ring spectra. A similar construction can 
be carried out in the setting of orthogonal spectra and the idea of realizing Thom spectra as 
"structured ring spectra" by such a diagrammatic approach goes back to |31j . 
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1.2. Lifting space level data to I-spaces. Let N be the ordered set of non-negative integers, 
tlrouglrt of as a subcategory of T via the canonical subset inclusions. Another starting point for 
the construction of Thorn spectra is to consider maps X — > BF_\f, where BFj^ denotes the colimit 
of the I-space BF restricted to A/". Given such a map, one may choose a suitable filtration of X so 
as to get a map of A/'-spaces X{n) — > BF{n) and the definition of the Thom spectrum T{f) then 
proceeds as above. This is the point of view taken by Lewis [30]. The space BFj^ has an action 
of the linear isometrics operad £, and Lewis proves that if / is a map of C-spaces where C is an 
operad that is augmented over then the Thom spectrum T(/) inherits an action of C. 

In the setting of symmetric spectra the problem is how to lift space level data to objects in 
lU/BF. We think of X as some kind of algebraic structure acting on BF, and in order to pull 
such an action back via a space level map we should ideally map into the quotient space BFx, that 
is, into the colimit over I. The problem with this approach is that the homotopy type of BFx 
differs from that of BFj^. For this reason we shall instead work with the homotopy colimit BF^x 
which does have the correct homotopy type. We prove in Section |4] that the homotopy colimit 
functor has a right adjoint U : U/ BFhx lU/BF such that this pair of adjoint functors defines 
a Quillen equivalence 

hocolim: XU / BF / BFhx - U. 

Here the model structure on TU is the one established by Sagave-SchlichtkruU [33]. The weak 
equivalences in this model structure are called X- equivalences and are the maps that induce weak 
homotopy equivalences on the associated homotopy colimits; see Section HTT] for details. It follows 
from the theorem that the homotopy theory associated to XIA/BF is equivalent to that oiU/ BFhx- 
As is often the case for functors that are right adjoints, U is only homotopically well-behaved when 
applied to fibrant objects. We shall usually remedy this by composing with a suitable fibrant 
replacement functor on U/BFhx and we write U' for the composite functor so defined. 

Composing the right adjoint U with the symmetric Thom spectrum functor from Theorem ll.il 
we get a Thom spectrum functor on hi / BF^x- However, even when restricted to fibrant objects this 
functor does not have all the properties one may expect from a Thom spectrum functor. Notably, 
one of the important properties of the Lewis-May Thom spectrum functor on U / BFj^ is that it 
preserves colimits whereas the symmetric Thom spectrum obtained by composing with U does not 
have this property. For this reason we shall introduce another procedure for lifting space level data 
to X-spaces in the form of a functor 

R : U/BFhx ^XU/BF 

and we shall use this functor to associate Thom spectra to objects in U/BFhx- The first statement 
in the following theorem ensures that the functor so defined produces Thom spectra with the 
correct homotopy type. 

Theorem 1.2. There is a natural level equivalence R ^ U' over BF and the symmetric Thom 
spectrum functor defined by the composition 

T: U/BFhx A XU/BF ^ Sp^ 

preserves colimits. 

As indicated in the theorem we shall use the notation T both for the symmetric Thom spectrum 
on XU/BF and for its composition with i?; the context will always make the meaning clear. In 
Section 14.41 we show that in a precise sense our Thom spectrum functor becomes equivalent to 
that of Lewis-May when composing with the forgetful functor from symmetric spectra to spectra. 
We also have the following analogue of Lewis' result imposing £-actions on Thom spectra. In our 
setting the relevant operad is the Barrat-Eccles operad £, see [2 and [28,, Remarks 6.5. We recall 
that £ is an i?oo operad and that a space with an f-action is automatically an associative monoid. 
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Theorem 1.3. The operad £ acts on BFhx and if f : X BFhx is a map of C-spaces where C is 
an operad that is augmented over £, then T{f) inherits an action of C. 

We often find that the enriched functoriahty obtained by working with homotopy cohmits over T 
instead of colimits over J\f is very useful. For example, one may represent complexification followed 
by realification as maps of f-spaces 

BOhi ^ BUhi ^ BOhi, 

such that the composite Eoo map represents multiplication by 2. The procedure for lifting space 
level data described above works quite generally for diagram categories. Implemented in the 
framework of orthogonal spectra, it gives an answer to the problem left open in [32], Chapter 23, 
on how to construct orthogonal Thom spectra from space level data; we spell out the details of 
this in Section 15751 We also remark that one can define an I-space BGLi{A) for any symmetric 
ring spectrum A, and that an analogous lifting procedure allows one to associate A-module Thom 
spectra to maps X — > BGLi{A)hi- We hope to return to this in a future paper. 

1.3. Homotopy invariance. Ideally, one would like the symmetric Thom spectrum functor to 
take I-equivalences of I-spaces over BF to stable equivalences of symmetric spectra. However, 
due to the fact that quasifibrations are not in general preserved under pullbacks this is not true 
without further assumptions on the objects in IIA/BF. We say that an object {X,f) (that is, a 
map f : X ^ BF) is T-good if T{f) has the same homotopy type as the Thom spectrum associated 
to a fibrant replacement of /; see Definition 15.11 for details. 

Theorem 1.4. If{X,f) — >■ {Y^g) is an X- equivalence of T-good I-spaces over BF, then the induced 
map T{f) T{g) is a stable equivalence of symmetric spectra. 

Here stable equivalence refers to the stable model structure on SjP defined in [16] and [27] . 
It is a subtle property of this model structure that a stable equivalence needs not induce an 
isomorphism of stable homotopy groups. However, if X and Y are convergent (see Section (2), 
then the associated Thom spectra are also convergent, and in this case a stable equivalence is 
indeed a tt^, -isomorphism in the usual sense. The T-goodness requirement in the theorem is not 
a real restriction since in general any object in U/BF can (and should) be replaced by one that 
is T-good. The functor R takes values in the subcategory of convergent T-good objects and takes 
weak homotopy equivalences to T-equivalences (in fact to level-wise equivalences). It follows that 
the Thom spectrum functor in Theorem 11.21 is a homotopy functor; see Corollarv l4.13l 

Example 1.5. Theorem 1 1 . 41 also has interesting consequences for Thom spectra that are not conver- 
gent. As an example, consider the Thom spectrum MO(l)^°° that represents the bordism theory 
of manifolds whose stable normal bundle splits as a sum of line bundles, see [I], [H]- This is the sym- 
metric Thom spectrum associated to the map of I-spaces X{n) — > BF{n), where X{n) = i30(l)". 
It is proved in [34] that Xhx is homotopy equivalent to Q{M.P°°), hence it follows that M0{1)^°° 
is stably equivalent as a symmetric ring spectrum to the Thom spectrum associated to the map of 
infinite loop spaces Q(RP°°) BFhx- 

In general any T-space X is T-equivalent to the constant T-space X^x and consequently any 
symmetric Thom spectrum is stably equivalent to one arising from a space-level map. However, 
the added flexibility obtained by working in XU is often very convenient. Notably, it is proved in 
[33] that any Eoo monoid in XU is equivalent to a strictly commutative monoid; something which 
is well-known not to be the case in U. 

1.4. AppHcations to the Thom isomorphism. As an application of the techniques developed 
in this paper we present a strictly multiplicative version of the Thom isomorphism. A map f : X ^ 
BFhx gives rise to a morphism in U/BFhx, 

A: (X,/)^(XxX,/o7r2), 
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where A is the diagonal inclusion and 1^2 denotes the projection onto the second factor ai X y. X. 
The Thorn spectrum T(/ o'K'i) is isomorphic to Xj^ A T{f), and the Thom diagonal 

A: T{f)^X+ATif) 

is the map of Thom spectra induced by A. In Section 17.11 we define a canonical orientation 
r(/) — ^ H, where H denotes (a convenient model of) the Eilenberg-Mac Lane spectrum HZ/2. 
Using this we get a map of symmetric spectra 

(1.6) T(/) A H X+ A T(/) AH~^X+AHAH^X+AH, 

where the last map is induced by the multiplication in H. The spectrum level version of the 
Z/2-Thom isomorphism theorem is the statement that this is a stable equivalence, see [26]. If / 
is oriented in the sense that it lifts to a map f : X BSFhx, then we define a canonical integral 
orientation T{f) — )■ HZ, and the spectrum level version of the integral Thom isomorphism theorem 
is the statement that the induced map 

(1.7) T{f)AHZ^X+AHZ 

is a stable equivalence. In our framework these results lift to "structured ring spectra" in the sense 
of the following theorem. Here C again denotes an operad that is augmented over £. 

Theorem 1.8. ///: X ^ BFhx (respectively / : X — > BSFhi) is a map of C -spaces, then the 
spectrum level Thom equivalence hl.6\) (respectively Jj.Tp j is aC-map. 

For example, one may represent the complex cobordism spectrum MU as the Thom spectrum 
associated to the £^-map BUhi BSFhx and the Thom equivalence (|1.7p is then an equivalence 
of Eao symmetric ring spectra. This should be compared with the Hao version in |20j . 

1.5. Diagram Thom spectra and symmetrization. The definition of the symmetric Thom 
spectrum functor shows that the category I is closely related to the category of symmetric spectra. 
However, many of the Thom spectra that occur in the applications do not naturally arise from a 
map of I-spaces but rather from a map of P-spaces for some monoidal category T) equipped with 
a monoidal functor 2? — > Z. We formalize this in Section |8] where we introduce the notion of a 
I?-spectrum associated to such a monoidal functor. For example, the complex cobordism spectrum 
MU associated to the unitary groups U (n) and the Thom spectrum Af*B associated to the braid 
groups *8(n) can be realized as diagram ring spectra in this way. It is often convenient to replace 
the D-Thom spectrum associated to a map of P-spaces / : X — > BF by a symmetric spectrum, 
and our preferred way of doing this is to first transform / to a map of X-spaces and then evaluate 
the symmetric Thom spectrum functor on this transformed map. In this way we end up with a 
symmetric spectrum to which we can exploit the structural relationship to the category of I-spaces. 
We shall discuss various ways of carrying out this "symmetrization" process and in particular we 
shall see how to realize the Thom spectra AIU and M*B as (in the case of MU commutative) 
symmetric ring spectra. 

1.6. Organization of the paper. We begin by recalling the basic facts about Thom spaces and 
Thom spectra in Section [21 and in Section [3] we introduce the symmetric Thom spectrum functor 
and show that it is strong symmetric monoidal. The I-space lifting functor R is introduced in 
Section |4l where we prove Theorem 11.21 in a more precise form; this is the content of Proposition 
14.101 and Corollary 14.131 Here we also compare the Lewis-May Thom spectrum functor to our 
construction. We prove the homotopy invariance result Theorem 11.41 in Section \5\ and in Section 
[6] we analyze to what extent the constructions introduced in the previous sections are preserved 
under operad actions. In particular, we prove Theorem 11.31 in a more precise form; this is the 
content of Corollary 16.91 The Thom isomorphism theorem is proved in Section [7] and in Section 
[8] we discuss how to symmetrize other types of diagram Thom spectra and how the analogue of 
the lifting functor R works in the context of orthogonal spectra. Finally, we have included some 
background material on homotopy colimits in Appendix [A] 
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1.7. Notation and conventions. We shall work in the categories U and T of unbased and based 
compactly generated weak HausdorfF spaces. By a cofibration we understand a map having the 
homotopy extension property, see [52] • A based space is well-based if the inclusion of the base 
point is a cofibration. In this paper 5" always denotes the one-point compactification of M". By 
a spectrum E we understand a sequence : n > 0} of based spaces together with a sequence 
of based structure maps A E^+i- A map of spectra /: E ^ F is a. sequence of based 

maps /„ : £'„ — that commute with the structure maps and we write Sp for the category of 
spectra so defined. A spectrum is connective if nn{E) = for n < and convergent if there is an 
unbounded, non-decreasing sequence of integers {A„ : n > 0} such that the adjoint structure maps 
En — > flEn+1 are (A„ + n)-connected for all n. 

2. Preliminaries on Thom spaces and Thom spectra 

In this section we recall the basic facts about Thom spaces and Thom spectra that we shall 
need. The main reference for this material is Lewis' account in |20) . Section IX. Here we emphasize 
the details relevant for the construction of symmetric Thom spectra in Section |3l We begin by 
recalling the two-sided simplicial bar construction and some of its properties, referring to [30] for 
more details. Given a topological monoid G, a right G-space Y, and a left G-space X, this is the 
simplicial space B,{Y,G,X) with fc-simplices Y x G'^ x X and simplicial operators 



iy9i,92---,9k,x), for 1 = 

iy,9i,---,9t9i+i,---,9k,x), for < i < fc 



Sy'9i,- ■ ■ ,9kx), for i = fc, 

and 

Si{y,9i, ■ ■ ■,9k,x) = (y, . . .,9i-i, l,gi, ■■■,x), for < i < fc. 
We write B{Y, G, X) for the topological realization. In the case where X and Y equal the one-point 
space *, this is the usual simplicial construction of the classifying space BG. The projection of X 
onto * induces a map 

p: B(y,G,X)^B(y,G,*) 

whose fibres are homeomorphic to X. Furthermore, if X has a G- invariant basepoint, then the 
inclusion of the base point defines a section 

s : B{Y,G,*) B{Y,G,X). 

Recall that a topological monoid is grouplike if the set of components with the induced monoid 
structure is a group. 

Proposition 2.1 ([19|.[5D]). If G is a well-based grouplike monoid, then the projection p is a 
quasifibration, and if X has a G-invariant base point such that X is (non-equivariantly) well-based, 
then the section s is a cofibration. □ 

In general we say that a sectioned quasifibration is well-based if the section is a cofibration. Let 
F(n) be the topological monoid of base point preserving homotopy equivalences of 5*", where we 
recall that the latter denotes the one-point compactification of R". It follows from [TO], Theorem 
2.1, that this is a well-based monoid and we let V{n) = B{*, F{n), S*"). Then BF{n) is a classifying 
space for sectioned fibrations with fibre equivalent to S'" and the projection p„ : V{n) — ^ BF{n) is 
a well-based quasifibration. Given a map f : X BF{n), let px ■ f*V{n) — > X be the pull-back 
of V{n) along /, and notice that the section s gives rise to a section sx- X ^ f*V{n). The 
associated Thom space is the quotient space 

T{f) = f*V{n)/sx{X). 

This construction is clearly functorial on the category U/ BF{n) of spaces over BF{n). We often 
use the notation {X, f) for an object f : X ^ BF{n) in this category. In order for the Thom space 
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functor to be homotopically well-behaved we would like px to be a quasifibration and sx to be 
a cofibration, but unfortunately this is not true in general. This is the main technical difference 
compared to working with sectioned fibrations. For our purpose it will not do to replace the 
quasifibration p„ by an equivalent fibration since we then loose the strict multiplicative properties 
of the bar construction required for the definition of strict multiplicative structures on Thom 
spectra. We say that / classifies a well-based quasifibration if px is a quasi-fibration and sx is a 
cofibration. The following well-known results are included here for completeness. 

Lemma 2.2 (^[20]). Given a well-based sectioned quasifibration p : V ^ B and a Hurewicz fibration 
f: X B, the pullback px ■ f*V X is again a well-based quasifibration. 

Proof. Since / is a fibration the pullback diagram defining f*V is homotopy cartesian, hence 
J*V ^ X is a, quasifibration. In order to see that the section sx is a cofibration, notice that it is 
the pullback of the section of p along the Hurewicz fibration f*V^V. The result then follows 
from Theorem 12 of [40^ which states that the pullback of a cofibration along a Hurewicz fibration 
is again a cofibration. □ 

Let Top{n) be the topological group of base point preserving homeomorphisms of S*". The next 
result is the main reason why the objects in U/BF{n) that factor through BTopin) are easier to 
handle than general objects. 

Lemma 2.3. ///: X ^ BF{n) factors through BTop{n), then f classifies a well-based Hurewicz 
fibration, hence a well-based quasifibration. □ 

Proof Let W{n) ^ B{*, Top{n), S*"). The projection W{n) BTop{n) is a fibre bundle by [30], 
Corollary 8.4, and in particular a Hurewicz fibration. Suppose that / factors through a map 
g: X ^ BTop{n). Then f*V{n) is homeomorphic to g*W{n) and thus px is a Hurewicz fibration. 
We must prove that the section is a cofibration. Let us use the Str0m model structure [41] on U 
to get a factorization g — (7251 where g\ is a cofibration and 52 is a Hurewicz fibration. From this 
we get a factorization of the pullback diagram defining g*W{n), 

g*W{n) ^ gWin) ^ W{n) 



px 



PY 



X "-^BTopin), 

and it follows from Lemma 12.21 that the section sy of py is a cofibration. Since py is a Hurewicz 
fibration it follows by the same argument that the induced map g*W{n) i^) is also a 

cofibration. It is clear that the composition X g*W{n) — is a cofibration and the 
conclusion thus follows from Lemma 5 of |41| , which states that if ft, = j o j is a composition of 
maps in which h and i arc both cofibrations, then j is a cofibration as well. □ 

This lemma applies in particular if / factors through BO{n). In order to get around the difficulty 
that the Thom space functor is not a homotopy functor on the whole category U/ BF{n) we follow 
Lewis [20], Section IX, and define a functor 

(2.4) T:U/BF{7i)-^U/BF[n), {X, f) ^ {T ^[X),T{f)) 

by replacing a map by a (Hurewicz) fibration in the usual way, 

T}{X)^{{x,u:)^Xy.BF{nY: /(x)=w(0)}, V{f){x,u) ^ 

We sometimes write T{X) instead oiV f{X) when the map / is clear from the context. The natural 
inclusion X Tf{X), whose second coordinate is the constant path at /(a;), defines a natural 
equivalence from the identity functor on U/BF{n) to F. It follows from Lemma 12.21 that the 
composition of the Thom space functor T with F is a homotopy functor. We think of T(F(/)) as 
representing the correct homotopy type of the Thom space and say that / is T-good if the natural 



THOM SPECTRA THAT ARE SYMMETRIC SPECTRA 



7 



map r(/) — > T(r(/)) is a weak homotopy equivalence. In particular, / is T-good if it classifies 
a well-based quasifibration. It follows from the above discussion that the restriction of T to the 
subcategory of T-good objects is a homotopy functor. 

Remark 2.5. The fibrant replacement functors used in |20] and [30] are defined using Moore paths 
instead of paths defined on the unit interval /. The use of Moore paths is less convenient for our 
purposes since we shall use F in combination with more general homotopy pullback constructions. 

The following basic lemma is needed in order to establish the connectivity and convergence 
properties of the Thom spectrum functor. It may for example be deduced from the dual Blakers- 
Massey Theorem in [T3]. 

Lemma 2.6. Let 

Vi > V2 

Bi B2 

be a pullback diagram of well-based quasifibrations pi and p2. Suppose that pi and P2 are n- 
connected with n > I and that /3 is k-connected. Then the quotient spaces Vi/Bi and V2/B2 are 
well-based and {n — l)-connected, and the induced map Vi/Bi — > V2/B2 is {k -\- n)-connected. □ 

We now turn to Thom spectra. Let Af be as in Section 11.21 and write J\fU for the category 
of A/'-spaces, that is, functors X : JV —> 14. Consider the A/'-space BF defined by the sequence of 
cofibrations 

BF{0) 4 BF{1) ^ BF{2) 4 . . . 
obtained by applying B to the monoid homomorphisms F{n) F{n + 1) that take an element u 
to Ifii A u, the smash product with the identity on S^. Notice, that there are pullback diagrams 

S^AV{n) > V{n + 1) 

BF{n) > BT(n-t-l), 

where S^A— denotes fibre- wise smash product with S^. Indeed, there clearly is such a pullback di- 
agram of the underlying simplicial spaces, and topological realization preserves pullback diagrams. 
We let MU/BF be the category of TV-spaces over BF. Thus, an object is a sequence of maps 

/„: X{n)^BF{n) 

that are compatible with the structure maps. Again we may specify the domain by writing the 
objects in the form (AT, /). 

Definition 2.8. The Thom spectrum functor T: AfU/BF Sp is defined by applying the Thom 
space construction level-wise, T{f)n = r(/„), with structure maps given by 

A T(/„) ^ T{in o /„) ^ r(/„+i). 

A morphism in MlAj BF induces a map of Thom spectra in the obvious way. As for the Thom 
space functor, the Thom spectrum functor is not homotopically well-behaved on the whole category 
MUjBF. We define a functor F: MUjBF MUjBF by applying the functor F level- wise, and 
we say that an object {X, /) is T-good if the induced map T{f) — >■ T(F(/)) is a stable equivalence. 
We say that / is level-wise T-good if the induced map is a level-wise equivalence. The following 
proposition is an immediate consequence of Lemma 12.21 and Lemma 12.61 

Proposition 2.9. ///: X ~^ BF is T-good, then T{f) is connective. □ 

An TV-space X is said to be convergent if there exists an unbounded, non-decreasing sequence 
of integers {A„ : n > 0} such that X{ti) — > X{n + 1) is A„-connected for each n. 
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Proposition 2.10. ///: X — > BF is level-wise T-good and X is convergent, then T(f) is also 
convergent. 

Proof. We may assume that / is a level-wise fibration, hence classifies a well-based quasifibration 
at each level. If X(n) X{n + 1) is A„-connected, it follows from Lemma [2.61 that the structure 
map A T{fn) T(/„+i) is (A„ + n)-connected. The convergence of X thus implies that of 
T{f). □ 

Given an TV-space X, write Xhj\f for its homotopy colimit. This is homotopy equivalent to the 
usual telescope construction on X. We say that a morphism {X, /) (Y, g) in MUjBF is an M- 
equivalence if the induced map of homotopy colimits XhU — > YhN is a weak homotopy equivalence. 
The following theorem can be deduced from [20], Proposition 4.9. We shall indicate a more direct 
proof in Section 15.11 

Theorem 2.11. If{X,f) — > {Y,g) is an J\f -equivalence of T-good J\f -spaces over BF, then the 
induced map T{f) — >■ T{g) is a stable equivalence. 

In particular, it follows that T oT takes TV-equivalences to stable equivalences. 

3. Symmetric Thom spectra 

We begin by recalling the definition of a (topological) symmetric spectrum. The basic references 
are the papers [16] and [27] that deal respectively with the simplicial and the topological version 
of the theory. See also [35]. 

3.1. Symmetric spectra. By definition a symmetric spectrum X is a spectrum in which each 
of the spaces X{n) is equipped with a base point preserving left E„-action, such that the iterated 
structure maps 

ct": S"^ ^X{n) X{m + n) 
are x I]„-equivariant. A map of symmetric spectra / : X ^ Y is a, sequence of E„-equivariant 
based maps X{n) Y{n) that strictly commute with the structure maps. We write Sp^ for the 
category of symmetric spectra. Following |27j we shall view symmetric spectra as diagram spectra, 
and for this reason we introduce some notation which will be convenient for our purposes. Let 
the category I be as in Section 11.11 Given a morphism a: m -t> n in X, let n — a denote the 
complement of a(m) in n and let be the one-point compactification of R"~". Consider then 

the topological category Is that has the same objects as I, but whose morphism spaces are defined 

by 

Q(iX(m.n) 

We view Is as a category enriched in the category of based spaces T. Writing the morphisms in 
the form (x, a) for x £ S*""", the composition is defined by 

Is(m,n) AXs(l,m) -J^ Js(l,n), (x,a) A (y,^) ^ (xAa,y,a/3), 

where x A a,y is defined by the canonical homeomorphism 

gn-a ^gm-i3 ^ gn-a0^ X A y ^ X A a,y, 

obtained by reindexing the coordinates of S"^~^ via a. This choice of notation has the advantage 
of making some of our constructions self-explanatory. By a functor between categories enriched 
in T we understand a functor such that the maps of morphism spaces are based and continuous. 
Thus, if X : I5 — > 7" is a functor in this sense, then we have for each morphism a: m — >■ n in I a 
based continuous map 

a*: S*"-" AX(m) -> 

One easily checks that the maps AX{n) — > X(n + 1) induced by the morphisms n — > 1 U n give 
X the structure of a symmetric spectrum and that the category of (based continuous) functors 
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Is ^ T may be identified with Si[P in this way. The symmetric monoidal structure of I gives rise 
to a symmetric monoidal structure on I5. On morphism spaces this is given by the continuous 
maps 

U: X5(mi,ni) x I5(m2,n2) ^2'5(mi Um2,ni Una), 

that map a pair of morphisms ((x, a), (y, /?)) to (x A y, a U j3). As noted in [ST, this implies that 
the category of symmetric spectra inherits a symmetric monoidal smash product. Given symmetric 
spectra X and Y , this is defined by the left Kan extension, 

(3.1) XhY{n)^ colim X{ni) ^Y{n2), 

niUn2— 

where the colimit is over the topological category (U 4. n) of objects and morphisms in Xj x Ig 
over n. More explicitly, we may rewrite this as 

XhY{n)= colim 5""" A X(ni) A y(n2), 

a : ni Un2— 

where the colimit is now over the discrete category (U J, n) of objects and morphisms in I x I over 
n. Given a morphism in this category of the form 

iPiih)- (ni,n2,ni U A n) ^> {n[,n'2,n[ U rij n), 
the morphism a' specifies a homcomorphism 

and the induced map in the diagram is defined by 

5"-" A X(ni) A Y{n2) ^ 5"""' A S^-^' A X{ni) A S'''^-^^ A Y{n2) 

5"-"' AXK) Ar(n'2). 

The unit for the smash product is the sphere spectrum S with S{n) = S". By definition, a 
symmetric ring spectrum is a monoid in this monoidal category. Spelling this out using the above 
notation, a symmetric ring spectrum is a symmetric spectrum X equipped with a based map 
Ix- 5*" ^> -'^(O) and a collection of based maps 

lirn,n '■ X (ui) A X (n) — > X {m + n), 

such that the usual unitality and associativity conditions hold, and such that the diagrams 

S"--" AX{m) AS'"'-"'' AX{m') ^"'•'"'°*'"> 5"+"'-"LJ«' a X(m + m') 

X{n)AX{n') > X{n + n') 

commute for each pair of morphisms a : m — > n and a' : m' n' in I. Here tw flips the factors 
X{m) and S*" . A ring spectrum is commutative if it defines a commutative monoid in Sp^. 
Explicitly, this means that there are commutative diagrams 

X{m)AX{n) > X{m + n) 

X{n)AX{m) ^" "* > X{n + m), 
where the right hand vertical map is given by the left action of the (to, ri)- shuffle t„i^„. 
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3.2. Symmetric Thorn spectra via I-spaces. As in Section [01 we write XU for the category 
of I-spaces. This category inherits the structure of a symmetric monoidal category from that of I 
in the usual way: given I-spaces X and Y ^ their product X MY is defined by the Kan extension 

{X S Y){n) ^ colim X{ni) x Y{n2), 

niUn2— 

where the colimit is again over the category (U J, n). The unit for the monoidal structure is the 
constant I-space J(0, — ) . We use term X-space monoid for a monoid in this category. This amounts 
to an I-space X equipped with a unit Ix G -''^(O) and a natural transformation of I x I-diagrams 

Mm," : X{m.) X X{n) — > X{m + n) 

that satisfies the obvious associativity and unitality conditions. An I-space monoid X is commu- 
tative if it defines a commutative monoid in XU, that is, the diagrams 

X{m)xX{n) > X{m + n) 

X{n)xX{m) > X{n + ni) 

are commutative. 

The family of topological monoids F{n) define a functor from I to the category of topological 
monoids: a morphism a: m — s> n in I induces a monoid homomorphism a: F{'m) F(n) by 
associating to an element / in F{m) the composite map 

(3.2) S" ^ S"-" A 5" s"-°' a 5"" S". 

As usual the homeomorphism 5"^" A 5™ ^ S*" is induced by the bijection (n — a) U m — n 
specified by a and the inclusion of n — a in n. We also have the natural monoid homomorphisms 

Fim)xF{n)^F{m + n), (/, g) ^ / A g 

defined by the usual smash product of based spaces. Applying the classifying space functor degree- 
wise and using that it commutes with products, we get from this the commutative I-space monoid 
BF: n i-^ BF{n). We write XU/BF for the category of I-spaces over BF with objects {X,f) 
given by a map / : A" — BF of I-spaces. This category inherits a symmetric monoidal structure 
from that of XU: given objects (A, /) and {Y,g), the product is defined by the composition 

f^g: X MY BF M BF ^ BF, 

where the last map is the multiplication in BF. The meaning of the symbol f M g will always be 
clear from the context. By definition, a monoid in this monoidal structure is a pair (A, /) given 
by an I-space monoid A together with a monoid morphism / ; A — > BF. 

Definition 3.3. The symmetric Thom spectrum functor T: XU/BF — > Sp^ is defined by the 
level- wise Thom space construction T{f){n) = T{fn). A morphism a: m — > n in I gives rise to a 
pullback diagram 

S'"-"AF(m) > V{n) 

1 1 

BF{m) — ^ BF{n) 
in which A denotes the fibre- wise smash product. On fibres this restricts to the homeomorphism 
gn-a _^ g7i gpg^ified by a. Pulling this diagram back via / and applying the Thom space 

construction, we get the required structure maps 

A T(/„0 - T{a o /„,) ^ T{f„). 
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Notice, that this Thorn spectrum functor is related to that in Section [2] by a commutative 
diagram of functors 



(3.4) 



lU/BF ^ > Sp^ 



MU/BF ) Sp, 



where the vertical arrows represent the obvious forgetful functors. Recall the notion of a strong 
symmetric monoidal functor from [22], Section XI. 2. We now prove Theorem 11.11 stating that the 
symmetric Thorn spectrum is strong symmetric monoidal. 

Proof of Theorem ll.ll It is clear that we have a canonical isomorphism S ~^ T(*). We must show 
that given objects {X, /) and {Y,g) in lU/BF there is a natural isomorphism 

T{f)^T{g)=T{fMg). 

By definition, X Kl Y{n) is the colimit of the (U J, n)-diagram 

(ni, n2, ni U na A n) X{ni) x Y{n2). 

Given a: rii U n2 — J- n, let C({f,g) be the composite map 

X{ni) X Y{n2) ^"'""^"^ BF{ni) x BF{n2) ^ BF{ni + n^) ^ BF{n). 

Using these structure maps we view the above (U J, n)-diagram as a diagram over BF{n), and 
since the Thom space functor preserves colimits by [20], Propositions 1.1 and 1.4, we get the 
homeomorphism 

T(/K5)(n)-conniT(a(/,5)). 

(U^n) 

Furthermore, since pullback commutes with topological realization and fibre- wise smash products, 
we have an isomorphism 

c^iLgyVin) ^ 5"-"A/:^F(ni)A5:,F(n2) 
of sectioned spaces over BF{n), hence a homeomorphism of the associated Thom spaces 

T(a(/,g))-5«-"AT(/„jAr(g„J. 
Combining the above, we get the homeomorphism 

T{f) A T{g){n) = colim^"-" A T(/„J A r(g„,) - T{f H g){n), 

specifying the required isomorphism of symmetric spectra. □ 

Corollary 3.5. If X is an X-space monoid and / : X — > BF a monoid morphism, then T{f) is a 
symmetric ring spectrum which is commutative if X is. □ 

Recall that the tensor of an unbased space K with a symmetric spectrum X is defined by the 
level- wise smash product X A . Similarly, the tensor of K with an I-space X is defined by the 
level- wise product X x K. For an object {X, /) in XU/BF, the tensor is given by {X x K, f ottx), 
where ttx denotes the projection onto X. We refer to [B], Chapter 6, for a general discussion of 
tensors in enriched categories. 

Proposition 3.6. The symmetric Thom spectrum functor preserves colimits and tensors with 
unbased spaces. 

Proof. The first statement follows [5D], Proposition 1.1 and Corollary 1.4, which combine to show 
that the Thom space functor preserves colimits. The second claim is that T{f o wx) is isomorphic 
to r(/) A which follows directly from the definition. □ 
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4. Lifting space level data to I-spaces 
The homotopy colimit construction induces a functor 

(4.1) hocolim: XU/BF ^ U/BFhx, {X ^ BF) ^ [Xhi ^ BF^i), 

where, given an I-space X, we write X/jj for its homotopy coHmit. Our first task in this section 
is to verify that this is the left adjoint in a Quillen equivalence. 

4.1. The right adjoint of hocolimj. Recall first that the homotopy colimit functor lU U has 
a right adjoint that to a space Y associates the I-space n ^ Map(i?(n \, Here (n J, I) 

denotes the category of objects in I under n. We refer to [7], Section XII. 2. 2, and [TZ for the 
details of this adjunction. The right adjoint in turn induces a functor 

U: U/BFhi ^ lU/BF, {X, f) ^ {Uf{X), U{f)) 

by associating to a map f : X ^ BF^x the map of I-spaces defined by the upper row in the 
puUback diagram 

Uf{X) BF 

Map(B(-;i),X) > Map{B{^ iI),BFhx) 

The map on the right is the unit of the adjunction. It is immediate that U is right adjoint to the 
homotopy colimit functor in (|4.1I) and we shall prove in Proposition 14.51 below that the adjunction 

(4.2) hocolim: lU/BF ^^U/BF^x - U 

is a Quillen equivalence when we give U/BF^x the model structure induced by the Quillen model 
structure on U and XU/BF the model structure induced by the I- model structure on lU established 
by Sagave-SchlichtkruU [33 . Before describing the I- model structure we recall that lU has a level 
model structure in which the weak equivalences and fibrations are defined level-wise. Given d > 0, 
let Fd.: U TLA be the functor that to a space K associates the I-space Fd{K) = I(d, — ) x K. 
Thus, Fd is left adjoint to the evaluation functor that takes an X-space X to X{d). The level 
structure on lU is cofibrantly generated with set of generating cofibrations 

FI = {FdiS''-^) Fd{D") : d > 0,n > 0} 

obtained by applying the functors Fd to the set / of generating cofibrations for the Quillen model 
structure on U. By a relative cell complex in lU we understand a map X ^ Y that can be written 
as the transfinite composition of a sequence of maps 

X = Ya^Yi^Y2^ > cohmr„ = Y 

?i>0 

where each map K„ — > Yn^i is the pushout of a coproduct of generating cofibrations. It follows 
from the general theory for cofibrantly generated model categories that a cofibration in lU is a 
retract of a cell complex. We refer the reader to [TS], Section 11.6, for a general discussion of level 
model structures on diagram categories. 

As explained in Section [TT2l the weak equivalences in the I- model structure on XU, that is, the 
I-equi valences, are the maps that induce weak homotopy equivalences of homotopy colimits. The 
cofibrations in the I-model structure are the same as for the level structure and the fibrations can 
be characterized as the maps having the right lifting property with respect to acyclic cofibrations. 
Again, the X-model structure is cofibrantly generated with FI the set of generating cofibrations. 
There also is an explicit description of the generating acyclic cofibrations and the fibrations but 
we shall not need this here. 

Lemma 4.3. The adjunction in ^.S^ is a Quillen adjunction 
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Proof. We claim that hocolimx preserves cofibrations and acyclic cofibrations. By definition, 
hocolimj preserves weak equivalences in general and the first claim therefore implies the sec- 
ond. For the first claim it suffices to show that hocolimj takes the generating cofibrations for lU 
to cofibrations in U. The homotopy colimit of a map i^d(S'"^^) — > Fd{D^^) may be identified with 
the map 

B{d i I) X S"-^ B{d 4 1) X £>" 
and the claim follows since i3(d J, I) is a cell complex. □ 

In preparation for the proof that the above Quillen adjunction is in fact a Quillen equivalence 
we make some general comments on homotopy colimits of I-spaces. In general, given an I-space 
X, the homotopy type of X^x may be very different from that of Xhj\f. However, if the underlying 
TV-space is convergent, then the natural map X^a/ — s> Xhx is a weak homotopy equivalence by the 
following lemma due to Bokstedt; see [23], Lemma 2.3.7, for a published version. 

Lemma 4.4 ([5]). Let X be an T-space and suppose that there exists an unbounded non- decreasing 
sequence of integers Xm such that any morphism m — n ml induces a X^- connected map X{m) 
X{n). Then the inclusion {n} — S> X induces a (A„ — l)-connected map X{n) X^i for all n. □ 

The structure maps F(m) — > F(n) are (m — l)-connected by the Freudentahl suspension theorem 
and consequently the induced maps BF(m) — ?► BFln) are m-connected. Thus, the proposition 
applies to the I-space BF and we see that the canonical map BF{n) — >■ BFhi is (n — l)-connected. 
This map can be written as the composition 

BF{n) ^ Map(B(n | T),BFhi) BFhi 

where the first map is the unit of the adjunction and the second map is defined by evaluating at the 
vertex represented by the initial object. Since the second map is clearly a homotopy equivalence 
it follows that the first map is also [n — l)-connected. 

Proposition 4.5. The adjunction ^.S^ is a Quillen equivalence. 

Proof. Given a cofibrant object f : X ~> BF in lU /BF and a fibrant object g: Y ^ BFhi in 
U/BFhi we must show that a morphism 0: X^i Y oi spaces over BFhi is a weak homotopy 
equivalence if and only if the adjoint ijj: X ^ Ug{Y) is an I-equivalence of I-spaces over BF. The 
maps (f) and '0 are related by the commutative diagram 

Xhi — ^ Ug{Y)h.X 




where e denotes the counit for the adjunction. It therefore suffices to show that e is a weak 
homotopy equivalence. The assumption that (Y, g) be a fibrant object means that 5 is a fibration 
and the puUback diagram 

Ug{Y){n) > BF{n) 

1 1 

Map(B(n4I),r) > MMB{-a.iX),BFhi) 

used to define Ug{Y) is therefore homotopy cartesian. By the remarks following Lemma [4.41 it 
follows that the vertical maps are (n — l)-connected. The counit e admits a factorization 

Ug{Y)hi ^ Map(s(- ;i),y)^x ^ Y 

where the first map is a weak homotopy equivalence by the above discussion and the second map 
is a weak homotopy equivalence since B[— \. X) is level-wise contractible. This completes the 
proof. □ 
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The functor U is only homotopically well-behaved when applied to fibrant objects. We define a 
(Hurewicz) fibrant replacement functor F on U/BFhx as in (|2.4I) (replacing BF{n) by BFhi) and 
we write U' for the composite functor U oT . This is up to natural homeomorphism the same as 
the functor obtained by evaluating the homotopy puUback instead of the puUback in the diagram 
defining Uf{X). 

4.2. The Z-space lifting functor R. As discussed in Section [TT2l the functor U does not have all 
the properties one may wish when constructing Thom spectra from maps to BFhi- In this section 
we introduce the I-space lifting functor R and we establish some of its properties. Given a space 
X and a map f : X ^ BFhx, we shall view this as a map of constant I-spaces. In order to lift it 
to a map with target BF, consider the I-space BF defined by 

BF(n) — hocolim _Bi^ o 7r„, 

(Xin) 

where 7r„ : (T J, n) I is the forgetful functor that maps an object m — > n to m. By definition, 
BF is the homotopy left Kan extension of BF along the identity functor on I, see Appendix 
lA.ll Since the identity on n is a terminal object in (I 4, n) there results a canonical homotopy 
equivalence tn : BFin) BFin) for each n. 

Lemma 4.6. The map 7r„ : BF{n) — S> BF^x induced by the functor 7r„ is (n — l)-connected. 

Proof. The homotopy equivalence i„ has a section induced by the inclusion of the terminal object 
in {I I n), such that the canonical map BF{n) BFhi factors through BF{n). The result 
therefore follows from Lemma 14.41 and the above discussion. □ 

Consider now the diagram of Z-spaces 

BFhi i^BF^BF, 

where the right hand map is the level-wise equivalence specified above and the left hand map is 
induced by the functors 7r„. Here we again view BF^x as a constant I-space. We define the I-space 
Rf{X) to be the level-wise homotopy pullback of the diagram of I-spaces 

(4.7) X A BFhi A BF, 
that is, Rf{X){n) is the space 

{ix,u:,b)eXxBFljxBFin): c^(0) = /(x), l.(1) ^(fe)}. 

Notice, that the two projections Rf{X) X and Rf{X) BF are level-wise Hurewicz fibrations 
of I-spaces. The functor R is defined by 

(4.8) R : U/BFhi^IU/BF, (f : X ^ BFhi) ^ (Rif): RjiX) ^BF ^ BF). 

When there is no risk of confusion we write R{X) instead of Rf{X). 

Proposition 4.9. The I-space Rf{X) is convergent and R{f) is level-wise T-good. 

Proof. Since Rf{X) is defined as a homotopy pullback, we see from Lemma 14.61 that the map 
Rf{X){n) X is {n — l)-connected for each n, hence Rf{X) is convergent. We claim that R{f) 
classifies a well-based quasifibration at each level. In order to see this we first observe that t*V{n) 
is a well-based quasifibration over BF{n) by Lemma rA.41 Thus, R{f)*V{n) is a pullback of a well- 
based quasifibration along the Hurewicz fibration Rf{X){n) -> BF{n), hence is itself a well-based 
quasifibration by Lemma [2^ □ 

Proposition 4.10. There is a natural level-wise equivalence Rf{X) ^ U'JX) over BF. 
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Proof. Given a map f: X ^ BFhx, consider the diagram of I-spaces 

X ^ BFhi-< BF 



Map(B(- iI),X) Map(B(- ; I), BFnx) BF 

where we view X and BFhx as constant I-spaces and the corresponding vertical maps are induced 
by the projection B{— ].!) — > *. The left hand square is strictly commutative and we claim that 
the right hand square is homotopy commutative. Indeed, with notation as in Appendix lA.li BF 
is the homotopy Kan extension id^BF along the identity functor on I and the adjoints of the two 
compositions in the diagram are the two maps hocolimx BF — > BFhx shown to be homotopic in 
Lemma lA.31 Using the canonical homotopy from that lemma we therefore get a canonical homotopy 
relating the two composites in the right hand square. The latter homotopy in turn gives rise to a 
natural maps of the associated homotopy pullbacks, that is, to a natural map Rf{X) — >■ /7j(X). 
Since the vertical maps in the above diagram are level-wise equivalences the same holds for the 
map of homotopy pullbacks. □ 

Corollary 4.11. The functors R and hocolimx are homotopy inverses in the sense that there is 
a chain of natural weak homotopy equivalences Rf{X)hx — X of spaces over BFhx and a chain of 
natural X- equivalences Rfi^^{Xhx) — X of T-spaces over BF. 

Proof. It follows easily from Proposition 14.51 and its proof that the functor U' has this property 
and the same therefore holds for R by Proposition |4?TT] □ 

The functor R has good properties both formally and homotopically. 

Proposition 4.12. The functor R in \4.^ takes weak homotopy equivalences over BF^x to level- 
wise equivalences over BF and preserves colimits and tensors with unhased spaces. 

Proof. The first statement follows from the homotopy invariance of homotopy pullbacks. In order to 
verify that R preserves colimits, we first observe that BF^x is locally equiconnected (the diagonal 
BFhx BFhx X BFhx is a cofibration) by [19 , Corollary 2.4. We then view Rf{X) as the 
pullback of X along the level- wise Hurewicz fibrant replacement TTr{BF) BFhx and the result 
follows from [20], Propositions 1.1 and 1.2, which together state that the pullback functor along 
a Hurewicz fibration preserves colimits provided the base space is locally equiconnected. The last 
statement about preservation of tensors is the claim that if K is an unbased space and (AT, /) an 
object oiU / BFhx, then R takes {X x A', f onx) to Rf{X) x K; this follows immediately from the 
definition. □ 

Combining this result with Proposition 12.101 Proposition 13.61 and Proposition 14.91 we get the 
following corollary in which we define the Thom spectrum functor on U/BF^x using R. 

Corollary 4.13. The Thom spectrum functor 

(4.14) T: U/BFhx A XU/BF ^ Sp^ 

takes values in the subcategory of well-based, connective and convergent symmetric spectra. R 
takes weak homotopy equivalences over BF^x to level-wise equivalences and preserves colimits and 
tensors with unbased spaces. □ 

The functor R also behaves well with respect to cofibrations as we explain next. We follow [27] 
in using the term h-cofibration for a morphism having the homotopy extension property. Thus, a 
map i: A — > X in is an /i-cofibration if and only if the induced map from the mapping cylinder 

(4.15) X {A X I) ^ X X I 
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admits a retraction. By our conventions, this is precisely what we mean by a cofibration of spaces 
in this paper. Given a base space B, a morphism i in 14/B is an ft,-cofibration if the analogous 
morphism (|4.15p admits a retraction in U/B; we emphasize this by saying that i is a fibre-wise 
/i-cofibration. These conventions also apply to define /i-cofibrations in lU and, given an I-space 
B, fibre-wise /i-cofibrations in 114/ B with the corresponding mapping cylinders defined level-wise. 
A morphism i: A — >■ X in SjP is an ft,-cofibration if the mapping cylinder X Ui ( A A /+ ) is a retract 
oiX M+. 

Proposition 4.16. The functor R takes maps over BF^i that are cofibrations in lA to fibre-wise 
h-cofihrations iuTU/BF and the Thorn spectrum functor takes such maps to h-cofibrations 

of symmetric spectra. 

Proof. Notice first that we may view Rf{X) as the puUback of BF along the fibrant replacement 
T f{X) -> BFfix. Given a morphism {A, f ) — > {X,g) in U/BFhi such that A X in a. cofibration, 
the induced map Tf{A) — >• Tg{X) is a fibre- wise /i-cofibration by [2^, IX, Proposition 1.11. Since 
fibre- wise /i-cofibrations are preserved under puUback, this in turn implies that Rf{A) — >■ Rg{X) is 
a fibre- wise /i-cofibration over BF, hence over BF. It follows from Proposition 13.61 that the Thorn 
spectrum functor on lU / BF takes fibre- wise /i-cofibrations to /i-cofibrations. Combining this with 
the above gives the result. □ 

4.3. Preservation of monoidal structures. Recall from 22^, Section XI.2, that given monoidal 
categories (-4, □, 1^) and (S, A, Ig), a monoidal functor $: A ^ B \s & functor $ together with 
a morphism Ig — > $(1^) and a natural transformation 

$(x)A$(y) ^ $(xnr), 

satisfying the usual associativity and unitality conditions. It follows from the definition that if A 
is a monoid in A, then '^{A) inherits the structure of a monoid in B. Since (unbased) homotopy 
colimits commute with products, we may view hocolimi as a monoidal functor lU — > lA with 
structure maps 

hocolimX X hocolimF = hocolimX x F ^ hocolimX Kl Y 

X X Xxl I 

induced by the universal natural transformation X{m.) x ^(n) XM y(mUn) of I x I-diagrams. 
The unit morphism is induced by the inclusion of the initial object 0, thought of as a vertex in 
BI. Since BF is a monoid in XU, BF^x inherits the structure of a topological monoid. It follows 
that we may also view U / BF^x as a monoidal category and the following result is then clear from 
the definition. 

Proposition 4.17. The functor hocolimx in U-lV is monoidal. □ 

However, the functor hocolimi is not symmetric monoidal, hence does not take commutative 
monoids in lU to commutative topological monoids. In particular, BF^x is not a commutative 
monoid which is already clear from the fact that it is not equivalent to a product of Eilenberg-Mac 
Lane spaces. We prove in Section 16.11 that BFhx has a canonical E'oo structure and that more 
generally hocolimj takes E'oo objects in lU to Eoo spaces. 

Proposition 4.18. The functor R in is monoidal. 

Proof. By definition, i?(*)(0) is the loop space oi BF^x and we let * — s> R{*) be the map of I-spaces 
that is the inclusion of the constant loop in degree 0. We must define an associative and unital 
natural transformation of I-spaces R{X) K R{Y) R{X x Y) over BF. By the universal property 
of the Kl-product, this amounts to an associative and unital natural transformation of I^-diagrams 

RiX){m) X i?(r)(n) ^ R{X x Y){m U n). 

The domain is the homotopy pullback of the diagram 

X xY ^ BFhx X BFhx ^ 'BF{m) x 'BF{n), 
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and the target is the homotopy puUback of the diagram 

X xY ^ BFhi ^ 'BF{m + n). 

The X-space BF inherits a monoid structure from that of BF such that tt : BF — )■ BFhx is a map 
of monoids. Using these structure maps, we define a map from the first diagram to the second, 
giving the required muhiphcation. □ 

Since the monoids in the monoidal category U/ BF^x are precisely the topological monoids over 
BFfix, this has the following corollary. 

Corollary 4.19. If X is a topological monoid and f: X ^ BF^x o, monoid morphism, then T{f) 
is a symmetric ring spectrum. □ 

This may be reformulated as saying that the Thom spectrum functor preserves the action of 
the associativity operad whose kth space is the symmetric group Sfe, see [28], Section 3. More 
generally, we show in Section |6] that T preserves all operad actions of operads that are augmented 
over the Barratt-Eccles operad. 

4.4. Comparison with the Lewis-May Thom spectrum functor. Let as before BF^/ denote 
the colimit of BF over A/". In this section we recall the Thom spectrum functor on U/BFj^/ 
considered in |20) . Section IX, and we relate this to our symmetric Thom spectrum functor on 
U/BFhx- We shall use the same notation for the I-space BF and its restriction to an TV-space. 
The colimit functor MUjBF U/BFjs/ has a right adjoint, again denoted U , that to an object 
f : X BFjs/ associates the map of A/'-spaces defined by the upper row in the puUback diagram 

Uf{X) BF 
X — ^ BFj^ 

where the vertical map on the right is the unit of the adjunction relating the colimit and the 
constant functors. Here we view X and BFj^ as constant TV-spaces. We again write U' for the 
functor obtained by composing with the Hurewicz fibrant replacement functor V on U/BFj\f. The 
Thom spectrum functor considered in [20 is the composition 

U/BF^r ^ MU/BF ^ Sp, 

where T is the functor from Section [2] (In the language of |20) this is the Thom prespectrum 
associated to /. The authors go on to define a spectrum M{f) with the property that the adjoint 
structure maps are homeomorphisms, but this will not be relevant for the discussion here). The 
first step in the comparison to our symmetric Thom spectrum functor on U/BF^x is to relate the 
spaces BFj\f and BF^x- Consider the diagram of weak homotopy equivalences 

BFhx ^ BFh^ 4 BF^, 

where i is induced from the inclusion i : TV — > I and t is the canonical projection from the homotopy 
colimit to the colimit. The former is a weak homotopy equivalence by Lemma 14.41 and the latter is 
a weak homotopy equivalence since the structure maps are cofibrations. Let us choose a homotopy 
inverse j : BF^x ^ BF^^f of i and a homotopy relating i o j to the identity on BF^x- Here we of 
course use that these spaces have the homotopy type of a CW-complex. The precise formulation 
of the comparison will depend on these choices. Let be the composite homotopy equivalence 

C: BFhx ^ BFhAf ^ BF^. 

In general, given a map (p: i3i — i?2 in U, we write 0, : 14/ Bi ^ U/ B-2 for the functor defined by 
post-composing with 0. 
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Lemma 4.20. Suppose that 4> o,nd ip are maps from Bi to B2 that are homotopic by a homotopy 
h: i3i X / — > _B2- Then the functors (j)^ and ■(/'* from U/Bi to U/B2 are related by a chain of 
natural weak homotopy equivalences depending on h. 

Proof. Let /i* : U / Bi U / B2 he the functor that takes /: X ~^ Bi to 

X X I Bix I ^ B2. 

The two endpoint inclusions oi X h\ Xxl then give rise to the natural weak homotopy equivalences 
(/)*—>■ /i* iju- □ 

Applied to the homotopy relating ioj to the identity on BFhi this result gives a chain of natural 
weak homotopy equivalences relating the composite functor 

U/BFhi ^ U/BFhm ^ U/BFhi 

to the identity on U/BF^x- 

Lemma 4.21. The two compositions in the diagram 

U/BFhi ^' ) XU/BF 
C 

U/BFj^ ) MU/BF 

are related by a chain of natural level-wise equivalences. 

Proof. We shall interpolate between these functors by relating both to the TV-space analogue of 
the functor U' on U/BFhx- Thus, given f : X BFhj^, the diagram of TV-spaces 

Map(5(- ;A/'),X) hM&Y:{B{- i^^),BFh^f) ^ BF 
is related by evident chains of term-wise level equivalences to the diagrams 



and 



Map(rB(- ; I), X) ^ Map(i*B(- 4. 1), BFhi) ^ BF 



X ^ BFm ^ BF. 



Evaluating the homotopy pullbacks of these diagrams we get a chain of natural level-wise equiva- 
lences relating the two compositions in the diagram 

U/BFj^ U/BFhM U/BFhi 

V U' 

MU/BF ^ XU/BF. 

By the remarks following Lemma 14.201 we therefore get a chain of natural transformations 
(4.22) i* oU' ^ I* oU' 01,0 j, r^U'ot.o J, ^U' oQ^ 

each of which is a level- wise weak homotopy equivalence. □ 

We can now compare our symmetric Thorn spectrum functor to the Lewis-May Thorn spectrum 
functor on U/BFjs/. Since the functors TR and TU' on U/BFhx are level- wise equivalent by 
Proposition 14. 101 it suffices to consider TU' . 
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Proposition 4.23. The two compositions in the diagram 

U/BFhi Sp"" 

U/BF^f > Sp 

are related by a chain of level-wise equivalences. 

Proof. The diagram in question is obtained by composing the diagram in Proposition 14 . 2 ll with the 
commutative diagram (13.41) . Since the chain of weak homotopy equivalences in (|4.22p is contained in 
the full subcategory of level- wise T-good objects in AfU/BF, applying T gives a chain of level- wise 
equivalences. □ 

5. Homotopy invariance of symmetric Thom spectra 

In this section we prove the homotopy invariance result stated in Theorem 11.41 and we show how 
the proof can be modified to give the A/'-space analogue in Theorem 12.111 As for the Thom space 
functor, the symmetric Thom spectrum functor is not homotopically well-behaved on the whole 
domain category lU/BF. We define a level- wise Hurewicz fibrant replacement functor on lU/BF 
by applying the functor F in (|2.4p at each level. 

Definition 5.1. An object {X, /) in TU/BF is T-good if the canonical map T{J) T{T{f)) is a 
stable equivalence (a weak equivalence in the stable model structure) of symmetric spectra. 

As before we say that {X, f) is level-wise T-good if T{f) — > T{T{f)) is a level-wise equivalence. 
The first step in the proof of Theorem 11.41 is to generalize the definition of BF to any I-space X 
by associating to X the I-space X defined by 

X(n) — hocolim AT o 7r„. 

(Xin) 

We then have a diagram of I-spaces 

Xhii^X^ X, 

where we view X^x as a constant I-space. The map t is a level-wise equivalence and tt is an 
I-equivalence by Lemma [A. 21 If /: X BF is a map of I-spaces, then we have a commutative 
diagram 

X — ^ 



Xhx — BFhi, 

hence there is an induced morphism 

(5.2) (X, tof)^ {Rf^^ (A,x), RUhx)) 

of I-spaces over BF. 

Proposition 5.3. Applying T oT to the morphism !15.2\) gives a stable equivalence of symmetric 
spectra. 

In order to prove this proposition we shall make use of the level model structure on XU re- 
called in Section 14.11 Let Fd'. U ^ TU be the functor defined in that section and let us write 
Fd{u) : Fd{K) — > BF for the map of I-spaces associated to a map of spaces u: K ^ BF{d). 

Lemma 5.4. If u is a Hurewicz fibration, then Fd{u) is level-wise T-good. 
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Proof. The puUback of V{n) along Fd{u) is isomorphic to the coproduct of the pullbacks along u 
of the fibre-wise suspensions S"~°'AV{d) over BF{d), where a runs through the injective maps 
d — >■ n. These are well-based quasifibrations by Proposition l2. II and since m is a fibration, the same 
holds for the pullbacks by Lemma [2^ and the claim follows. □ 

The idea is to first prove Proposition [23] for objects of the form Fd{u). 

Lemma 5.5. Applying ToT to the map ofJ-spaces Fd{K) R{Fd{K)hi) over BF gives a stable 
equivalence of symmetric spectra. 

The proof of this requires some preparation. We view X as a space over BFhx via the map 

(5.6) u: K ^ BF{d) BFhi, 

where the second map is induced by the inclusion of {d} in Z. 

Lemma 5.7. There is a weak homotopy equivalence K Fd{K)hi of spaces over BF^i. 

Proof. By definition of the homotopy colimit we may identify Fd{K)hi with B{d J, I) x K, where 
(d I I) is the category of objects in I under d. Since this category has an initial object its 
classifying space is contractible and the result follows. □ 

In the case of the I-space Fd{K), the level- wise equivalence t: Fd{K) Fd{K) has a section 
induced by the canonical map K — > Fd{K){d). Using this, we get a commutative diagram in 
lU/BF, 

Fd{K) F4K) 

RiK) — ^ R{Fd{K)hi). 

The upper horizontal map is a level-wise equivalence since t is and the lower horizontal map is a 
level- wise equivalence by the above lemma. Thus, in order to prove Lemma 15.51 we may equally 
well consider the vertical map on the left hand side of the diagram. 

Given a based space T, let F^(T) be the symmetric spectrum l5(d, — ) A T. The functor F^ 
so defined is left adjoint to the functor Sp^ — > T that takes a symmetric spectrum to its dth 
space, see [37]. In particular it follows from the definition that Fq{T) is the suspension spectrum 
of T. Notice also that the Thom spectrum T{Fd{u)) associated to Fd{u) may be identified with 
F^{T{u)), where as usual T{u) denotes the Thom space of the map u. Let T{u) be the symmetric 
Thom spectrum of the map u in (15.61) and let Yi'^T{u) be the left shift by d, that is, the composition 
of T{u) with the concatenation functor I5 Is, n d U n. Thus, the nth space of T,fT{u) is 
r(u)(d U n) with E„ acting via the inclusion I]„ — > E^+n induced by n 1— ;> d U n. The condition 
that u be a Hurewicz fibration in the following lemma is unnecessarily restrictive, but the present 
formulation is sufficient for our purposes. 

Lemma 5.9. If u is a Hurewicz fibration, then the canonical map of spaces T{u) T{u){d) 
induces a 111, -isomorphism Fq{T{u)) — > T,'^T{u). 

Proof. In spectrum degree n this is the map of Thom spaces induced by the map 

K ^ Ru{K){A) ^ Ri{K){d U n), 

viewed as a map of T-good spaces over BF{d -\- n). This is also a map of spaces over K via 
the projection Ru{K) — > K, and it therefore follows from the proof of Proposition 14.91 that its 
connectivity tends to infinity with n. The result then follows from Lemma 12.61 □ 
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We shall prove Lemma 15.51 using the detection functor D from [37] . We recall that this functor 

associates to a symmetric spectrum T the symmetric spectrum DT whose nth space is the based 
homotopy colimit 

DT{n) = hocolimf^"(r(m) AS"'). 

By [37], Theorem 3.1.2, a map of (level-wise well-based) symmetric spectra T T' is a stable 
equivalence if and only if the induced map DT DT' is a tt* -isomorphism. There is a closely 
related functor T MT, where MT is the symmetric spectrum with nth space 

MT{n) = hocolimr2'"(r(mUn)). 

Thus, MT is the homotopy colimit of the I-diagram of symmetric spectra m H> r2'"(E™T). There 
is a canonical map DT MT, which is a level- wise equivalence if T is convergent and level- wise 
well-based. 

Proof of Lemma 15.51 We claim that applying T o F to the vertical map on the left hand side 
of (|5.8p gives a stable equivalence, and for this we may assume without loss of generality that 
M is a Hurewicz fibration. Then Fd{u) is T-good by Lemma 15.41 and since R{u) is T-good by 
Proposition 14.91 it suffices to show that T{Fd{u)) — ^ T{u) is a stable equivalence. Furthermore, 
by [27], Theorem 8.12, it is enough to show that this map is a stable equivalence after smashing 
with S'^ and by the above remarks this in turn follows if applying D gives a 7r*-isomorphism. We 
identify T[Fd[u)) with F^{T{u)) and claim that there is a commutative diagram 



DiS"^ AF^{T{u))) > DiS'^ATiu)) — ^ M(S"'aT(u)), 

where the maps are tt* -isomorphisms as indicated. The vertical map on the left hand side is induced 
by the space-level map 

T{u) ^ F!iT{u)){d) ^ n'{S' A F!{T{u)){d)) DiS' A Ff (T(u)))(0). 

It is a fundamental property of the model structure on Sp^ that the induced map of symmetric 
spectra is a 7r»-isomorphism, see the proof of [37) . Lemma 3.2.5. The first map in the upper row is 
the stable equivalence from Lemma 15.91 and the remaining indicated arrows are 7r»-isomorphisms 
since T(u) is connective and convergent. This proves the claim. □ 



We now wish to prove Proposition 15.31 bv an inductive argument based on the filtration 
(5.10) 9 Xq ^ Xi ^ X2 ^ j.colimX„ = X 



of a cell complex X in lU, cf. the discussion of the level model structure in Section l4Tl In order 
to carry out the induction step, we need to ensure that the induced maps of Thom spectra are 
/i-cofibrations in the sense of Section 221 The following is the I-space analogue of {20 , IX, Lemma 
1.9 and Proposition 1.11. The proof is essentially the same as in the space-level case. 

Proposition 5.11. The functor T onXlA/BF preserves colimits and takes morphisms inXU/BF 
that are h-cofibrations in XIA to fibre-wise h-eofibrations. □ 

Since the symmetric Thom spectrum functor on XIA / BF preserves colimits and takes fibre- wise 
/i-cofibrations to /i-cofibrations by Proposition 13.61 this has the following consequence. 



Proposition 5.12. The composite functor ToT preserves colimits and takes morphisms inXlA / BF 
that are h-cofibrations in XU to h-cofibrations of symmetric spectra. □ 
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Proof of Proposition 15.51 Using the level model structure we may choose a cofibrant I-space X' 
and a level- wise equivalence X' ^ X, hence it suffices to consider the case where X is a cofibrant 
X-space. Then X is a retract of a cell complex which we may view as a cell complex over BF 
via the retraction. By functoriality we are thus reduced to the case where X is a cell complex 
with a filtration by /i-cofibrations as in (|5.10l) . In order to handle this case we use that both 
functors in (j5.2p preserve colimits and tensors with unbased spaces, hence they also preserve (not 
necessarily fibre-wise) /i-cofibrations. Applying the functor T o F, we see that both functors in 
the proposition preserve colimits and take /i-cofibrations of I-spaces over BF to /i-cofibrations of 
symmetric spectra. We prove by induction that the result holds for each of the I-spaces X„ in the 
filtration. By definition, Xn+i is a pushout of a diagram of the form B ^ A Xn, where A B 
is a coproduct of generating cofibrations, hence in particular an /i-cofibration. We view this as a 
diagram of I-spaces over BF via the inclusion of Xn+i in X and get a diagram of Thom spectra 

Tr(Xn) i TV (A) > TT(B) 

1 1 1 

rr(i?((X„)^x)) < TTiRiAhx)) > TT{R{Bhi)). 

such that the map for Xn+i is the induced map of pushouts. By the above discussion it follows 
that the horizontal maps on the right hand side of the diagram are /i-cofibrations and the vertical 
maps are stable equivalences by Lemma 15.51 and the induction hypothesis. Consequently the map 
of pushouts is also a stable equivalence, see [23: Theorem 8.12. □ 

Proof of Theorem We prove that applying the functor T o F to an Z-equivalence X ^ Y over 
BF gives a stable equivalence of symmetric spectra. Consider the commutative diagram 

X i X > R{Xhx) 

1 1 1 

Y < Y > R{Yhi) 

of I-spaces over BF . Applying ToF to this diagram we get a diagram of symmetric spectra where 
the horizontal maps are stable equivalence by Proposition 15.31 and the fact that ToF preserves 
level- wise equivalences. The result now follows from Corollary 14.131 which ensures that the map 
R{Xhi) R{Yhx) induces a stable equivalence. □ 

Notice, that as a consequence of the theorem, the composite functor ToF is a homotopy functor 
on lU/BF in the sense that it takes X-equivalences to stable equivalences. 

5.1. The proof of Theorem of 12.111 The proof of Theorem l2.11l is similar to but simpler than 
the proof of Theorem 11.41 We first introduce a functor 

R^ : U/BFhM AfU/BF, 

which is the A/'-space analogue of the functor R. Let us temporarily write BF for the homotopy 
Kan extension of the A/'-space BF along the identity functor of TV, that is, 

BF(n) — hocolimST o 7r„, 

where 7r„ is the forgetful functor {Af | n) — s> TV. Given a map f: X ^ BFhj\f, we define R-y {X) 
to be the level- wise homotopy pullback of the diagram of TV-spaces 

X U BFhM ^ 'BF, 
and we define R'^ [J] to be the composite map of TV-spaces 

R^{f) : Rf{X) ^ BF. 
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Exactly as in the X-space case there is a map of TV-spaces 

(5.13) (X,toJ) ^ {Rf^^^^iXhM),R'^{hM)) 

over BF, where we again use the (temporary) notation X for the homotopy Kan extension along 
the identity on Af. Theorem 12 . 1 II then follows from the following proposition in the same way that 
Theorem 11.41 follows from Proposition [ 



Proposition 5.14. Applying T oT to 115. 13\) gives a stable equivalence of spectra. 

In order to prove this we first consider the A/'-spaces Fd{K) defined by A/'(d, — ) x where d 
is an object in N and if is a space. Given a map u: K ^ BF{d), we have the following A/'-space 
analogue of (|5.8I) . 

FdiK) > F^ 



R{K) > R{Fd{K)hu)- 

However, in contrast to the I-space setting, this is a diagram of convergent A/'-spaces and the 
connectivity of the maps in degree n tends to infinity with n. Thus, the A/'-space analogue of 
Lemma 15.51 holds with a simpler proof. 

Proof of Proposition \5.14\ We use that J\fU has a cofibrantly generated level model structure and 
as in the I-space case we reduce to the case of a cell complex. Using that the functors in (|5.13p 
preserve colimits and /i-cofibrations, the inductive argument used in the proof of Proposition 15.31 
then also applies in the A/'-space setting. □ 

6. Preservation of operad actions 

Let C be an operad as defined in [28j and notice that C defines a monad C on the symmetric 
monoidal category lU in the usual way by letting 



C{X)^l[C{k) xs, X^ 



fe=0 

We define a C-I-space to be an algebra for this monad and write IZY[C] for the category of such 
algebras. More explicitly, a C-I-space is an I-space X together with a sequence of maps of I-spaces 

Ou: C{k) X A:^'= ^ X, 

satisfying the associativity, unitality and equivariance relations listed in [28 , Lemma 1.4. By the 
universal property of the Kl-product, 0k is determined by a natural transformation of I'^-diagrams 

(6.1) Ok : C{k) X X{ni) x • • • x X{nk) X{ni + ■■■+ rik) 

and the equivariance condition amounts to the commutativity of the diagram 

C{k) X X{ni) X ■■■ X X{nk) SM'rxid)^ X{ni + --- + nk) 



idxa J^(7(ni,...,nfc)* 

C(fc) X X(n^-i(i)) X ■ • • x X(n^-i(fe)) > X(rv-i(i) H \- n^-^k}) 

for all elements cr in S^. Here a permutes the factors on the left hand side of the diagram and 
(7(ni, . . . ,nk) denotes the permutation of rii U • • • U that permutes the k summands as a permutes 
the elements of k. As defined in [28^ , the 0th space of C is a one-point space, so that 6*0 specifies 
a base point of X. Notice, that an action of the one-point operad * on an I-space X is the same 
thing as a commutative monoid structure on X. In this case the projection C — * induces a 
C-action on X for any operad C. This applies in particular to the commutative I-space monoid 
BF. 
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In similar fashion an operad C defines a monad C on the category S'[P by letting 

oo 
k=0 

and we write ^^^[C] for the category of algebras for this monad. Thus, an object of 5'p^[C] is a 
symmetric spectrum X together with a sequence of maps of symmetric spectra 

satisfying the analogous associativity, unitality and equivariance relations. By the universal prop- 
erty of the smash product, 9^ is determined by a natural transformation of Ij-diagrams, 

(6.2) Ok : C(fc)+ A X{ni) A • ■ • A X{nk) ^ X{ni + ■■■ + nt). 

The naturality condition can be formulated explicitly as follows. Given a family of morphisms 
ttj : m, — >■ Mi in I for i = 1, . . . , fc, let a = ai U • • • U a^,. Writing n = rii + ■ • ■ + n^. and making 
the identification 

S'"i-"i A • • • A S"*"""" ^S*"-", 

we require that the diagram 

5"-" A C(fc)+ A X{mi) A • • • A X{mk) ^"'"^'^^ 5""" A X{mi + ■■■ + mu) 



C{k)+ AX{ni) A--- AX{nk) > + • ■ • + rife) 

be commutative. We now show that the symmetric Thom spectrum functor behaves well with 
respect to operad actions. Given an operad C and a map of I-spaces f : X BF, let C(/) be the 
composite map 

C(/): C{X) C{BF) ^ BF. 

The following is the analogue in our setting of [2^, Theorem IX 7.1. It is a formal consequence of 
the fact that T is a strong symmetric monoidal functor that preserves colimits and tensors with 
unbased spaces. 

Proposition 6.3. There is a canonical isomorphism of symmetric spectra 

T{C{f)) = C{T{})). □ 

Corollary 6.4. The Thom spectrum functor onlU/BF preserves operad actions in the sense that 
there is an induced functor 

T: IU[C]/BF -> Sp^[C]. U 

6.1. Operad actions preserved by hocolimj. As in Section [L^ we use the notation £ for the 
Barratt-Eccles operad. We recall that the fcth space £{k) is the classifying space of the translation 
category that has the elements of as its objects. A morphism p: — > r in E^ is an element 
p G Efc such that pa = r; see |29j . Section 4 (but notice that the order of the composition in E^ 
is defined differently here). In the following proposition, C denotes an arbitrary operad and £ x C 
denotes the product operad whose fcth space is the product £{k) x C{k). 

Proposition 6.5. The functor hocolimx induces a functor 

hocolim: IU[C] -^U[£ >cC]. 

Proof. Let I{X) be the topological category whose space of objects is the disjoint union of the 
spaces X{n) indexed by the objects n in I, and in which a morphism (m, x) — > (n, y) is specified 
by a morphism a: m — > n in I such that ai,{x) = y. Then it follows from the definition of the 
homotopy colimit that X^i may be identified with the classifying space BI{X); see Appendix 
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lAl for details. In the following we shall view the spaces C{k) as topological categories with only 
identity morphisms. For each k, consider the functor of topological categories 

that maps a tuple of objects cr e Sfe, c G C(fc), and (ni, xi), . . . , (rifc, Xk), to 

(11^-1(1) U • • ■ U n^-i(fc),cr(ni, . . . ,nk)*Ok{c,xi, . . . ,Xfc)). 

Here 9k denotes the C(fc)-action on X and a{ni^ . . . ,nk) is defined as at the beginning of this 
section. If p: cr — >■ r is a morphism in S^, then the induced morphism in T{X) is specified by 



and if a denotes a fc-tuple of morphisms in I{X) whose ith component is specified by : — > mi, 
then the induced morphism in T{X) is specified by 

V'fc(a) = aa-i(i) U • • ■ U acr-i(fc). 

Since the classifying space functor preserves products, these functors give rise to maps 

iJk- £{k) X C{k) X BX{Xf BI{X), 

and it is straightforward to check that this defines an f x C-action on BI{X). The associativity, 
unitality, and equivariance conditions may all be checked on the categorical level. □ 

Letting C be the commutativity operad *, it follows in particular that if X is a commutative 
I-space monoid, then Xhi inherits an ^-action. In this case the action is induced by a permutative 
structure on the category I{X) introduced in the above proof, cf. [33], Section 4. This applies in 
particular to the I-space BF giving an f -action on BFhi- We say that an operad C is augmented 
over £ if there is a specified morphism of operads C ^ £. In this case we may restrict an {£ x C)- 
action to the diagonal C-action via the morphism C — > £ x C. 

Corollary 6.6. If C is augmented over £, then hocolimx induces a functor 



6.2. Operad actions preserved by R. In order to prove that the I-space lifting functor R 
preserves operad actions, we need the following lemma in which we view BF^x as a constant 
f-I-space. 

Lemma 6.7. The X-space BF has an £-action such that tt: BF BF^i is a morphism of 
£ -I -spaces. 

Proof. Consider more generally a commutative I-space monoid X, and let X be the Z-space defined 
in Section[5l For each object n in I, let I/n{X) be the topological category whose classifying space 
is X{n). Thus, the object space is given by 



where the coproduct is over the objects in (X J, n); see Appendix \K\ for details. Consider for each 
k the functor 



^fc : Sfc X I/ni{X) X • • • X I/nk{X) ^ I/im U • ■ • U nk){X) 
that maps a tuple of objects a in and (a.;, Xi) in I/ni{X) for i — 1, . . . , fc, to the object 



hocolim: 1U[C]/BF U[C]/BFhi. 



□ 



II X{m), 



(a,Xo.-i(i) . . . 




where a is the morphism 



1(1) 



□ ■■■Ua 



a: ma-i(i) U • • • U m^-i^k) 



-> n^-i(i) U • • • U n^-i(fc) 



(1) 



■■■-"^-i(fc)) 



-> ni U • • • U rifc 
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and the second factor is the product of the elements Xcr-i(i), . . . , Xo.-i(a;) using the monoid structure. 
The induced maps of classifying spaces 

ipk ■■ £{k) X X{ni) X • • • X X{nk) -> X{ni H h n^) 

then specify the required f -action on X. With this definition it is clear that the canonical morphism 
X — > Xhi is a morphism of f-I-spaces. □ 

Proposition 6.8. LetC be an operad augmented over the Barratt-Eccles operad. Then theX-space 
lifting functor R induces a functor 

R: U[C]IBFhi^IU\C]/BF. 

Proof. We give BFhx the C- action defined by the augmentation to £. Let / : X — > BF^x be a map 
of C-spaces and consider the diagram 

X A BFhi ^ BF 

defining Rf{X). Pulling the ^-action on BF defined in Lemma [6.71 back to a C-action, this is 
a diagram of C-I-spaces. Thus, Rf{X) is a homotopy puUback of a diagram in IU[C], hence is 
itself an object in this category and the projections Rf{X) — )■ X and Rf{X) — > BF are maps of 
C-X-spaces, see PSl, Section 1. Since the equivalence t: BF — > BF is also a map of C-X-spaces, 
the conclusion follows. □ 

Combining this with Corollary 16.41 we get the following. 

Corollary 6.9. If C is an operad that is augmented over £, then the Thorn spectrum functor on 
U/BFhx induces a functor T: U[C]/BFhi Sp^[C]. □ 

7. The Thom isomorphism 

Let MF be the symmetric Thom spectrum associated to the identity BF — > BF, and let MSF 
be the symmetric Thom spectrum associated to the inclusion BSF — > BF. Here SF{n) denotes the 
submonoid of orientation preserving based homotopy equivalences (those that are homotopic to the 
identity) and BSF is the corresponding commutative X-space monoid. We first construct canonical 
orientations of these Thom spectra, and for this we need convenient models of Eilenberg-Mac Lane 
spectra. 

7.1. Eilenberg-Mac Lane spectra and orientations. Let A be a discrete ring, and write 
A[—] for the functor that to a topological space X associates the free topological A-module A[X] 
generated by X, see e.g. [42], Section 2.3. In the special case where X is the realization of a 
simplicial set X, this may be identified with the realization of the simplicial A-module If 
X is based, we write A{X) for the topological yl-module The functor A{—) defined 

in this way is left adjoint to the forgetful functor from topological A-modules to based spaces. 
It is well-known that A{S") is a model of the Eilenberg-Mac Lane space K{A, n), and that when 
equipped with the obvious structure maps this defines a model of the Eilenberg-Mac Lane spectrum 
for A as a symmetric ring spectrum. In order to define the orientations, we shall consider a variant 
of this construction. Let FA{n) be the topological monoid of continuous A-linear endomorphisms 
of A{S") and notice that by the above remarks this is homotopy equivalent to A considered as 
a discrete multiplicative monoid. Writing SFA{n) for the connected component corresponding to 
the unit of A, this is then a contractible topological monoid. Applying the bar construction as in 
Section [21 we get a well-based quasifibration 

B{*, SFA{n), A{Sn) ^ BSFAin), 

and we define the Eilenberg-Mac Lane spectrum HA to be the symmetric spectrum with nth space 

HA{n) = B{*,SFA{n),A{S''))/ BSFAin). 
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It is easy to check that this is a commutative symmetric ring spectrum which is level- wise equivalent 
to the usual model for the Eilenberg-Mac Lane spectrum considered above. Since HA is flat in the 
sense of [1], the functor HA A (— ) preserves stable equivalences between well-based spectra; this 
follows from a slight refinement of the argument used in [4] . (Alternatively, one can check that the 
arguments in |35] . Proposition 5.14, works equally well with Quillen cofibrations of spaces replaced 
by our notion of (/i-)cofibrations.) Let now A = Z/2 and observe that the functor Z/2(— ) defines 
a map of sectioned quasifibrations 

B{*, F{n), 5") ^ B{*, 5Fz/2(n), Z/2(n)). 

The canonical orientation of AI F is the induced map of commutative symmetric ring spectra 
MF ^ H'L/2. Similarly, the functor Z(— ) defines a map of sectioned quasifibrations 

SF(7i), 5") ^ B(*, SF^{n),Z{S'')) 

and the canonical orientation of MSF is the induced map of commutative symmetric ring spectra 
MSF -> HZ. 

7.2. The Thorn isomorphism. We first consider the Thom isomorphism with Z/2-coe9icients. 
Given a map f: X ^ BF^x, the I-space lift Rf{X) BF induces a map of symmetric spectra 
T(/) MF, and we define the i7Z/2-orientation of T(/) to be the composition 

T(/) ^ MF HZ/2. 

As explained in Section 11.41 the orientation induces a map of symmetric spectra 

(7.1) T{f) AHZ/2^ X+ AHZ/2. 

Since our construction of the Thom spectrum functor has good properties both formally and 
homotopically, the proof that this is a stable equivalence is almost completely formal. 

Theorem 7.2. The map of symmetric spectra J?. J[ j is a stable equivalence. 

Proof. Both functor in the theorem are homotopy functors on U/BF^x in the sense that they take 
weak homotopy equivalences to stable equivalences; this follows from Corollarv l4.13l and the fact 
that HZ/2 is flat. Thus, we may assume that X is a CW-complex and consider the filtration of 
X by skeleta X" such that X^^ is the empty set and X" is homeomorphic to the pushout of a 
diagram of the form 

Since both functors in the theorem preserve pushouts and /i-cofibrations, it suffices by [27) , Theorem 
8.12, to consider the case where the domain of / is of the form D" or 5". If / is the inclusion 
of the basepoint * BFhx, then the unit of the I-space monoid Rf{*) gives a stable equivalence 
S — > T{f) and the composition 

S A HZ/2 ^ T{f) A HZ/2 ^ *+ A HZ/2 

is the identity on HZ/2. Using the homotopy invariance of the Thom spectrum functor, this easily 
implies the result for _D". Identifying 5" with the pushout of the diagram I?" •(— S"~^ — )■ I?", the 
result for 5" then follows by an inductive argument. □ 

7.3. The integral Thom isomorphism. Using the commutative I-space monoid BSF instead 
of BF, we get a a monoidal I-space lifting functor 



R : U/BSFux ^lU/BSF 
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defined in analogy with the X-space hfting functor on U/BFhx- The two hfting functors are related 
by a diagram 

U/BSFhi ^ ) lU/BSF 

1 1 

U/BFhi lU/BF, 

which is commutative up to natural I-equi valence. Thus, the two natural ways to define a Thom 
spectrum functor on U/BSFhi are equivalent up to stable equivalence. For the definition of 
orientations it is most convenient to define the Thom spectrum functor on U/BSFhi to be the 
composition 

T: U/BSFhi A TU/BSF ^ XU/BF ^ Sp^ . 

With this definition we have a canonical integral orientation of the Thom spectrum associated to a 
map X — > BSFhi, defined by the composition T(/) MSF — > HZ. The orientation again gives 
rise to a map of symmetric spectra 

(7.3) T{f) AHZ^ X+ AHZ 

and the proof of the integral version of the Thom isomorphism theorem is completely analogous 
to the /fZ/2- version. 

Theorem 7.4. The map |y.5| ) is a stable equivalence. □ 
We can now verify the claim in Theorem ll.Sl that the Thom equivalence is strictly multiplicative. 

Proof of Theorem \1.8i Let H denote either one of the commutative symmetric ring spectra HZ/2 
or HZ, and view H as an object in Sp [C] by projecting C onto the commutativity operad. We 
claim that ()1.6p is a diagram in Sp^ [C] when we give each of the terms the diagonal C-action. For 
the first two maps this follows from Proposition l6.8l and Corollarv l6.91 which imply that the Thom 
diagonal and T{f) — > Af F (or T(/) — >• MSF) are both C-maps. For the last map the claim follows 
from the fact that the multiplication H AH ^ H is a map of commutative symmetric ring spectra, 
hence in particular a C-map. □ 

8. Symmetrization of diagram Thom spectra 

In this section we first generalize the definition of the symmetric Thom spectrum functor to 
other types of diagram spectra. We then show how the results in the previous sections can be used 
to turn such diagram Thom spectra into symmetric spectra. 

8.1. Diagram spaces and diagram Thom spectra. Given a small category V, we define a 
D-space to be a functor X : V U and we write VU for the category of such functors. Suppose 
that we are given a functor </> : V ^ X. Then we can generalize the notion of a symmetric spectrum 
by introducing the topological category Vs that has the same objects as 2?, but whose morphism 
spaces are defined by 

Vs{a,h)= V 5^-", 

ae'D{a,b) 

where S^'" is shorthand notation for S'^^''^^'^''"\ cf. Section IXTl The composition is defined as for 
Xs- We define a D-spectrum to be a continuous based functor Vs — >■ T and we write VsT for the 
category of such functors. Thus, a P-spectrum is given by a family of based spaces X{a) indexed 
by the objects a in V, together with a family of based structure maps S^"" AX{a) — X{b) indexed 
by the morphisms a: a^binV. It is required (i) that the structure map associated to an identity 
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morphism la: a — a is the canonical identification S''^ A X{a) -> X{a), and (ii) that given a pair 
of composable niorphisms a : a — > 6 and /? : b c, the following diagram is commutative 

S"-!^ hS^-°' hX{a) > 5^-^AX(&) 

1 1 

5=-^"AX(a) > X(c). 

In particular, if denotes the identity functor on I, then XsT is an alternative notation for the 
category of symmetric spectra. Suppose now that V has the structure of a strict monoidal category. 
As in the case of I-spaces, VU inherits a monoidal structure from V which is symmetric monoidal 
if 2? is. If in addition (p is strict monoidal, then the monoidal structure of 2? also induces a monoidal 
structure on Ds which is symmetric monoidal if 2? and </> are. This in turn induces a monoidal 
structure on the category of P-spectra "DgT which again is symmetric monoidal if V and (j) are. 
The I-space BF pulls back to a 2?-space via and the definition of the symmetric Thom spectrum 
functor immediately generalizes to give a Thom spectrum functor 

T: VU/BF ^VsT. 

The proof of Theorem 11.11 generalizes to show that this is a strong monoidal functor which is 
symmetric monoidal if 2? and (j) are. 

8.2. Examples of diagram Thom spectra. Many examples of Thom spectra arise from com- 
patible families of groups over the topological monoids F{n). It often happens that such a family 
defines a 2?-diagram of groups for some strict monoidal category 2? over X and if the induced maps 
of classifying spaces define a X'-space over BF we get an associated 2?-Thom spectrum. We begin 
by fixing notation for some of the relevant categories. For each fc > 1 we have the strict symmetric 
monoidal faithful functor 

il^k - I^I, n k U ■ ■ ■ U k . 

n 

and we write I[fc] for its image in I. Thus, is a strict symmetric monoidal category whose 
objects have cardinality a multiple of fc, and whose morphisms permute blocks of k letters simul- 
taneously. Let us write M for the subcategory of injective order preserving morphisms in I. This 
inherits a strict monoidal (but not symmetric monoidal) structure from I and we similarly define 
monoidal subcategories M-[k] for fc > 1. 

Example 8.1 (The classical groups) . The orthogonal groups 0{n) and the special orthogonal groups 
SO{n) define the commutative I-space monoids BO and BSO that give rise to the commutative 
symmetric ring spectra MO and MSO. The unitary groups U{n) and the special unitary groups 
SU{n) define the commutative I[2]-space monoids BU and BSU that give rise to the commutative 
I[2]-ring spectra MU and MSU . The symplectic groups Sp{n) define the commutative I[4]-space 
monoid BSp that gives rise to the commutative I[4]-spectrum MSp. 

Example 8.2 (Discrete groups and I-spaces). The symmetric groups E„ define the commutative 
I-space monoid BE in which the monoid structure is induced by concatenation of permutations. 
This gives rise to the commutative symmetric ring spectrum MS whose associated bordism theory 
has been studied by BuUett [9] . Other systems of discrete groups that give rise to symmetric ring 
spectra include the general linear groups GL„(Z), the groups (Z/2)" of diagonal matrices with 
entries ±1, and the groups E„ lZ,/2 of permutation matrices with entries ±1. For details and more 
examples, see [9] and [12]. 

Example 8.3 (Braid groups and A^-spaces). The family of braid groups *B(n) defines an A^-space 
monoid in a natural way. We refer to [5 for the definition and basic properties of the braid 
groups. If we view an element of 58 (n) as a system of n strings in the usual way, then the monoid 



30 



CHRISTIAN SCHLICHTKRULL 



structure on i?*B is induced by concatenation of such systems. Let p denote the sequence of monoid 
homomorphisms 

Pn-. <B(n) ^ S„ ^ ^(n) 

where the first map takes a system of strings to the induced permutation of the endpoints and the 
second map in the canonical inclusion. This defines a map Bp: _B*B — > BF of A^-space monoids 
and we write M*B for the associated A^-Thom ring spectrum. The underlying spectrum of M*B 
has been analyzed in [9] and [10], where it is shown to be equivalent to the Eilenberg-Mac Lane 
spectrum HZ/2. Suppose that G is an 7W-diagram of groups over the monoids F{n) and that 
the homomorphisms Pn can be factored as *8(n) — G{n) F{n). If the A4-space EG admits a 
monoid structure such that the induced map BG is a map of A^-space monoids over BF 

it then follows that MG is an A4-module spectrum over M*B. For example, this applies to ME 
and MO but not to MSG. We show how to symmetrize the constructions so as to get symmetric 
Thom spectra in Section [8?3l Again we refer to 0, [10], [l^ for further examples. 

Example 8.4 (Maps to BF{k) and I[/c]-spaces). For our next class of examples we need some 
preliminary definitions. Let X be a based space and let X* be the X-space defined by n i-^ X". 
Given a morphisni a: m ^ n, the induced map a* : X™ X" is defined by 

Ck* (2^1 , . . . , Xm) — (s^a^i (1) J ■ • • 7 („) ), 

with the convention that Xi^ is the base point in X . We give X' the structure of a commutative 
X-space monoid using the identifications X™ x X" = Suppose now that f : X BF{k) 

is a based map. Then we view X* as an I[fc]-space via the isomorphism ■i/'fe : X — > X[fc], and the 
maps 

X" ^ BF{kY A BF( kU ■ ■ ■□]< ) 

n 

define a map of X[fc]-space monoids X* BF, where we view BF as an X[fc]-space by restric- 
tion. We write MX^°° for the associated commutative X[fc]-ring spectrum, the function / being 
understood. In the cases X = B0{1) and X = BU{1), we get the Thom spectra MO(l)^°° 
and MU{1)^°° that represent the bordism theories of manifolds with stable normal bundle given 
as an ordered sum of real or complex line bundles. These Thom spectra have been analyzed by 
Arthan and Bullett [1], [9]. Letting X = BO{k) or AT = BU{k), we similarly get the X[fc]-spectrum 
MO{k)'^°° and the X[2fc]-spectrum MU(k)^^. 

8.3. Symmetrization of diagram Thom spectra. As demonstrated in the last section, many 
Thom spectra naturally arise as D-Thom spectra associated to maps of 2?-spaces / : X — >■ BF for 
suitable monoidal categories V over X. In the applications it is often convenient to replace such 
a X'-Thom spectrum by a symmetric Thom spectrum and our preferred way of doing is to first 
transform / to a map of X-spaces and then evaluate the symmetric Thom spectrum functor on 
this transformed map. We shall discuss two ways of performing this "symmetrization" procedure: 
in this section we consider symmetrizations using the X-space lifting functor R and in the next 
section we consider symmetrizations via (homotopy) Kan extension. 

For simplicity we shall from now on assume that V \s a. monoidal subcategory of X such that 
the intersection T) C\ M is a cofinal subcategory of TV. Thus, any P-spectrum has an underlying 
T) n A/'-spectrum and we define the spectrum homotopy groups in the usual way by evaluating the 
colimit of the associated 2? n A/'-diagram of homotopy groups. Given a map / : X — > BF, we write 
(by abuse of notation) fhT> for the composite map 

fhxi ■ XfiV -^^^ BFhx> BFhx- 
Applying the X-space lifting functor R to this map we get a functor 

(8.5) VU/BF XU/BF, {X 4 BF) ^ {Rf,^^{Xhv) ^^^^^^^ BF). 
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We say that a map of I?-spaces X Y is a, V- equivalence if the induced map Xhv Yhv is a 
weak homotopy equivalence. 

Lemma 8.6. The restriction of Rf^^{Xii'p) to a V-space is related to X by a chain of D- 
equivalences over BF. 

Proof. In analogy with the case of I-spaces considered in Section [5l there is a diagram of V- 
equivalences X ^ X ^ Rff^^{XhTi) over BF. □ 

It follows from the P-space analogue of Bokstedt's approximation Lemma IT4l that if X — > y is 
a 2?-equivalence of convergent P-spaces X and Y, then the connectivity of the maps X{d) — > Y{d) 
tends to infinity with d. The previous lemma therefore has the following consequence. 

Proposition 8.7. If X is a convergent V-space and / : X — > BF is a map of D-spaces which is 
level-wise T-good, then the restriction of the symmetric spectrum T{R{fhT>)) to a D-spectrum is 
■K^- equivalent to T{f). □ 

This construction preserves multiplicative structures in the sense that if X is a P-space monoid 
and / : X — > BF a map of 2?-space monoids, then fh-D is a map of topological monoids and T{fhv) 
is a symmetric ring spectra by Lemma 14.191 In the following we consider the effect of applying the 
construction to the examples considered in the previous section. 

Example 8.8. Let X be an I[A;]-space with an action of an operad C that is augmented over the 
Barratt-Eccles operad. If / : X ^ BF is a map of C-I[A:]-spaces, then the induced map 

fhl[k\ ■ Xhx[k] — >■ BFhI[k] BFhX 

is map of C-spaces and it follows from Corollarv l6.9l that the symmetric spectrum T{ffix[k]) inherits 
a C-action. Here we use the canonical isomorphism of categories ipk'- 1 ^ to identify X}^x[k] 
with {ip'^X)hx, and we transfer the C-action on (ip^X)hx defined in CoroUarv 16.61 to Xf^x[k] via 
this identification. This applies in particular to the map of commutative I[2]-spaces BU BF 
to give a model of the Thom spectrum MU as a symmetric ring spectrum with an action of the 
Barratt-Eccles operad. We shall see how to realize MU as a strictly commutative symmetric ring 
spectrum in Example 18.171 

Example 8.9. Let as before i?*8 denote the A^-space monoid defined by the braid groups. We shall 
identify the map B^hAf ~^ B^hM in terms of Quillen's plus construction. Firstly, it follows from 
the homological stability of the braid groups (see [H] , III, Appendix) and the homological version 
of Lemma 14.41 that this map is a homology isomorphism. Secondly, the monoidal structure of A4 
gives B^hM the structure of a topological monoid, which in particular implies that its fundamen- 
tal group is abelian. Thus, the map in question has the effect of abelianizing the fundamental 
group. The space B^hM may be identified with the classifying space of the infinite braid group 
*8(oo). Since the commutator subgroup of the latter is perfect, it follows from the above that we 
may identify B'^hM with Quillen's plus construction B'^^j^. It is proved in [10] that there is a 
homotopy commutative diagram 

B^HM ^""{S^) 
BFhj\r ^=^= BFhj\f, 

where rj denotes the "Mahowald orientation" , that is, the extension of the non-trivial map — )■ 
BFhM to a 2-fold loop map. It is a theorem of Mahowald [24], that the Thom spectrum of ry is 
stably equivalent to the Eilenberg-Mac Lane spectrum i?Z/2. By the universal property of the 
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plus construction, we conclude from the above that there is a homotopy commutative diagram 

B^hM i^Hs"") 

BFhi ^=^= BFhx, 

where the upper map is a homotopy equivalence as indicated. Consequently, the symmetric ring 
spectrum T{{Bp)hM) is a model of H'L/2. 

Example 8.10. Let BGL{Z) be the commutative I-space monoid associated to the general linear 
groups GL„(Z). As in the case of the braid groups, we may identify BGL{T)hM — > BGL{Z)hx in 
terms of Quillcn's plus construction. Indeed, by the homological stability of the groups GL„(Z), it 
follows that this map is a homology equivalence. Since BGL{lj)hi is a topological monoid it has 
abelian fundamental group, hence it may be identified with BGLoo{'^)^ ] the base point component 
of Quillen's algebraic K-theory space. In similar fashion, starting with the I-space SS, we may 
identify BY^hi with -BSjJ^, which by the Barratt-Priddy-Quillen Theorem is equivalent to the base 
point component of Q{S^). 

Example 8.11. Let f : X ^ BF{k) be a based map and consider the associated map of I[fc]-spaces 
X* — i> BF. It is proved in JMl that if X is well-based and connected, then X^j- is a model of 
the infinite loop space Q{X). Identifying X^j- with X^j-^^ via the isomorphism ^fc, it follows as 
in Example 18.81 that the induced map BF^i is a map of f-spaces which models the 

usual extension of / to a map of infinite loop spaces. If we instead think of X* as an A^-space by 
restriction, then one can show that X^m is homotopy equivalent to the colimit X^, that is, to the 
free based monoid generated by X. By a theorem of James [TH] the latter is a model of f2E(X), 
and the map X^j^ — > X*j corresponds to the inclusion of VlYi{X) in Q{X). 

Example 8.12. Let £k be the fcth stage of the Smith filtration of the Barratt-Eccles operad £ and 
write X i— > Ek{X) for the associated monad on based spaces, see [3], [55] • Thus, £k is equivalent to 
the little fc-cubes operad, and if X is a well-based connected space, then Ek{X) is a combinatorial 
model of r2'^S*^(X). Given a based map f : X ^ BFhi, we use that £k is augmented over £ to 
extend / to a map of f^-spaces 

Ekif): Ek{X) ^ EkiBFhi) ^ BFhi. 

which for connected X is a model of the usual extension of / to a fc-fold loop map. It follows that 
the associated symmetric Thom spectrum T(Ek{f)) is equipped with an ffc-action. 

8.4. Symmetrization via Kan Extension. Let again I? be a monoidal subcategory of X such 
that VdM is cofinal in M and let us write j : 2? ^> I for the inclusion. We first consider homotopy 
Kan extensions along j. Recall that given a 2?-space X, the homotopy Kan extension is the I-space 
j^X) defined by 

j^{X){n) = hocolimX o 7r„, 

Uin) 

see Appendix lA. 11 The functor j» (— ) induces a functor 

: VU/BF ^ lU/BF, {f: X^BF)^ (j^ (/) : j':{X) -> j^{BF) -> BF) 
which is I-equivalent to the functor (j8.5p in the sense of the following lemma. 
Lemma 8.13. There is a natural X- equivalence j!^{X) — > Rf^^{Xfix>) of X-spaces over BF. 
Proof. Notice first that there is a commutative diagram 

£^{X) > BF 



Xhv > BFhi, 
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inducing a map of X-spaces j!^{X) — > Rf^T, (Xhv) over BF. Since this is also a map over Xhv, the 
result follows from the fact that j'^{X) ^/i-p and Rf^^{Xhx>) ^ Xfix> are I-equivalences, see 
Lemma IA.2I and the proof of Proposition 14.91 □ 

We now turn to (categorical) Kan extensions. Given a 2?-space, the Kan extension j*{X) is 
defined as the homotopy Kan extension except that we use the colimit instead of the homotopy 
colimit, that is, 

jf{X){n) = colimX o TTn. 

The functor is left adjoint to the functor that pulls an I-space back to a P-space via j and it 
induces a functor 

j, : VU/BF ^ XU/BF, {X ^ BF) ^ {j,{X) ^ j^{BF) ^ BF) 

where the map jf,{BF) BF is the counit of the adjunction. This functor is strong monoidal 
and is symmetric monoidal if T) and j are. Thus, in the latter case it takes commutative P-space 
monoids to commutative I-space monoids. The drawback of using the categorical Kan extension 
is of course that it is homotopically well-behaved only under suitable cofibration conditions on the 
P-space X and the main purpose of this section is to formulate such conditions. More precisely, 
we shall consider an inclusion j : 2? — >■ I of a (not necessarily monoidal) subcategory T) oil and 
we shall formulate conditions on 2? and X which ensure that the canonical map i^{X) j*{X) is 
a level-wise equivalence. Given an object do of V, consider the category {V I dp) of objects in V 
over do and let ddo be the subcategory obtained by excluding the terminal objects. 

Lemma 8.14. Let j : 2? — > I 6e the inclusion of a subcategory V and suppose that X is a V-space 
such that the map 

colimX o TTdn — colim X o ttho = Xidn) 

is a cofibration for all objects do in D. Then j^{X) — > J*(X) is a level-wise equivalence. 

Proof. Notice first that the category (j n) is a preorder in the sense that the morphism sets have 
at most one element. Choosing a representative for each isomorphism class we get an equivalent 
skeleton subcategory ^(n) (in fact a partially ordered set), and it suffices to show that the map 

hocolim X o TTn — colim X o ir^ 

A{n) A{ii) 

is a weak homotopy equivalence. The advantage of this is that the category A{n) is very small in 
the sense that its nerve only has finitely many non-degenerate simplices. In this situation there is 
a general model categorical criterion for comparing the homotopy colimit to the colimit, see |13| . 
Section 10. Working in the Str0m model category on U [41], we must check that for each object a 
in A{n) the map 

COlimX O TTn O TTa — > Colim X O TTn O TTa = XllTtiia)) 

da {A{n)ia) 

is a cofibration. Here we use the notation da for the subcategory of {A{n) | a) obtained by 
excluding the terminal object. It remains to see that if a is an object of the form do — )> n, then 
this criterion is the same as that stated in the lemma. On the one hand we may view {A{n) \. a) as 
a skeleton subcategory of ((j 4- n) 4- a) and on the other hand we may identify the latter category 
with (T> 4- do). Taken together this gives a homeomorphism 

colim X o 7r„ o TTa = colim X o nd„ 

da ddo 



and the conclusion follows. 



□ 
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The criterion in Lemma 18.141 is not very practical and in order to have a more convenient 
formulation we impose conditions on the subcategory T) of I. We say that T) has the intersection 
property if each diagram in V of the form 

1 — ^> di2 ^ d2 
can be completed to a commutative square 

do > di 

(8.15) Si 

d2 — di2 

in T) such that the image of the composite morphism equals the intersection of the images of 
and 62- For example, the monoidal subcategories T[k] and J^[k] have the intersection property for 
all fc > 1. We say that a 2?-space X is intersection cofibrant if for any diagram of the form (I8.15p . 
such that the intersection of the images of Si and 62 equals the image of the composite morphism, 
the induced map 

X{di) Uxido) X{d2) ^ X(di2) 

is a coflbration. By Lillig's union theorem 21 for cofibrations, this is equivalent to the requirement 
that (i) any morphism di — d2 in 2? induces a coflbration X{di) X{d2), and (ii) that the 
intersection of the images of X{di) and X{d2) in X{di2) equals the image of X{do). 

Proposition 8.16. Let j: T) ^ X he the inclusion of a subcategory T) luhich has the intersection 
property and let X be a D-space which is intersection cofibrant. Then the map i^{X) — > j*{X) is 
a level-wise equivalence. 

Proof. We show that the assumptions on T> and X imply that the criterion in Lemma 18.141 is 
satisfied. Given an object do in 2?, consider the range functor 

r: (Pido) ^ (i;do) ^7'(do), r(d A do) = 5(d) C do, 

where 'P(do) denotes the category of subsets and inclusions in do. The assumption that V has 
the intersection property implies that the image of r is a full subcategory of P(do) that is closed 
under inclusions and that r defines an equivalence of categories between (2? \. do) and its image. 
Thus, we might as well view X o TTdp as a diagram U 1— t- X{U) indexed on the objects U in a full 
subcategory A of 7'(do) that is closed under intersections. By assumption (i) above we may view 
X{U) as a closed subspace of X{do) for all U ^ A and by assumption (ii) we have the equality 

x{u)nx{v) x{ur\V) 

for all pairs of objects U and V in A. It therefore follows from the gluing lemma for continuous 
functions on a union of closed subspaces that colimgdo ^ ° '''do is homeomorphic to the union of 
the subspaces X{U) of X{do) for U ^ do. The conclusion then follows from Lillig's union theorem 
for cofibrations [21]. □ 

Example 8.17. Let j: I[2\ — > I be the inclusion of the symmetric monoidal subcategory X[2]. 
Since I[2] has the intersection property and the commutative X[2]-space monoid BU is intersection 
cofibrant, it follows from Lemma [8.131 and Proposition 18.161 that there is a chain of X-equivalences 

MBU) ^ j':{BU) ^ R{BUhx) 

over BF. Thus, it follows from Proposition 18.71 together with Theorem 11.41 and Lemma [2.31 that 
applying the symmetric Thom spectrum functor to the commutative I-space monoid j^{BU) gives 
a commutative symmetric ring spectrum which is a model of AIU . 
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8.5. Orthogonal Thorn spectra and diagram lifting. Recall from [27] that an orthogonal 
spectrum is a spectrmn X such that the nth space X{n) has an action of the orthogonal group 
0{n), and such that the iterated structure maps 5™ A X{n) — > X{m + n) are 0{m) x 0{n)- 
equivariant. We write SjP for the category of orthogonal spectra. Let V be the topological 
category whose objects are the vector spaces R", and whose morphisms are the linear isometrics. 
A V-space is a continuous functor V — ?> and we write VIA for the category of such functors. The 
symmetric monoidal structure of V induces a symmetric monoidal structure on VU in the usual 
way, and the I-space BF extends to a commutative V-space monoid. Applying the Thom space 
construction level-wise as in the definition of the symmetric Thom spectrum functor, we get the 
symmetric monoidal orthogonal Thom spectrum functor 

T: VU/BF Sp°. 

In order to construct orthogonal Thom spectra from space level data, we need a V-space version 

R : U/BFhv VU/BF 

of the I-space lifting functor. Here the homotopy colimit BFhy denotes the realization of the 
simplicial space 

U V(M"\R"°) X ••• X V(K"^R"^-0 X Bi^(nfc). 

no,..., life 

The statement in Lemma 14.41 remains true with V instead of I, and we conclude from this that 
the canonical map BFhj\f — > BF^v is a weak homotopy equivalence. The definition of the V-space 
lifting functor is then completely analogous to the definition of the I-space lifting functor in Section 
14.21 Let BF be the V-space defined by the homotopy Kan extension along the identity functor on 
V. Given a map f : X ^ BFhv, we define Rf{X) to be the homotopy puUback of the diagram of 
V-spaces 

X U BFhv <^ 'BF, 
and we define R{f) to be the composition 

R{f) : Rf{X) -^W ^BF. 

The Barratt-Eccles operad acts on BFhv and the results on preservation of operad actions from 
Section [5] carry over to this setting. 

Appendix A. Homotopy colimits 

We here collect the facts about homotopy colimits needed in the paper. We shall adapt the 
definitions of Bousfield and Kan [7] , except that we work with topological spaces instead of sim- 
plicial sets. Thus, given a small category A and an ^-diagram X : A ^ U, the homotopy colimit 
hocolimc X is defined to be the realization of the simplicial space 

(A.l) [k]^ [] X(afc), 

ao< <r-ak 

where the coproduct is over the fc-simplices of the nerve N,C. It is sometimes convenient to view 
this as the classifying space of the topological category A{X) whose space of objects is the disjoint 
union of the spaces X{a) where a runs through the objects of A. A morphism (a, x) — > (a', x') in 
A{X) is specified by a morphism a: a a' in A such that If X is a based „4-diagram, 

that is, a functor X : A ^ T, then the inclusion of the base points gives a map BA — J> BA{X) and 
we define the based homotopy colimit to be the quotient space. Equivalently, this is the realization 
of the simplicial space obtained by replacing the disjoint union in (jA.ip by the wedge product. 
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A.l. Homotopy Kan extensions. Let 0: A B he a. functor between small categories. Given 
an ^-diagram X, the (left) homotopy Kan extension (p'^X is the S-diagram defined by 

(j}'lX(b) ^hocolimXoTTb. 

(0i6) 

The homotopy colimit is over the category {(p I b) whose objects are pairs (a, /?) in which a is 
an object of A and /3: (j){a) — >■ 6 is a morphism in B. A morphism (a,/3) — {a' , /3') is given by 
a morphism a: a a' in ^ such that /3 = /?' o (f>{a). The functor TTf,: ((p \. b) ^ A is defined 
by {a, /3) M- a. We recall that the categorical Kan extension (j)^,X is defined using the categorical 
colimit instead of the homotopy colimit, see [22]. If B is the terminal category * and p: A ^ * 
the projection, then and p'^X are respectively the colimit and the homotopy colimit of the 
.4-diagram X. Notice, that the functors ttj, define a map of ;B-diagrams from (j>'^X to the constant 
S-diagram hocolim^ X. A proof of the following well-known lemma can be found in [34]. 

Lemma A. 2. The induced map 

tt: hocolim A" ^ hocolimX. 

B * A 

is a weak homotopy equivalence. □ 

This lemma may be viewed as a statement about the composition of two derived functors. Given 
an additional functor ip: B ^ C, one can more generally show that there is a natural equivalence 
of functors V'J'^* ("00)* • In the lemma below, we shall consider the case where X has the form 
(j)*Y for a B-diagram Y, and we shall relate tt to the map of homotopy colimits induced by the 
natural transformation of ;B-diagrams 

t: </.j0*y r r, 

where the first arrow is the canonical projection from the homotopy colimit to the colimit and the 
second arrow is given by the universal property of the categorical Kan extension. 

Lemma A. 3. Given a B-diagram Y , the diagram 

hocolim(ij0*y 1 hocolim(/)*y 

t 

hocolim Y 
B 

is homotopy commutative by a canonical choice of a natural homotopy. 

Proof. We may view the homotopy colimit of the ;B-diagram (j)'^(f>*Y as the realization of the 
bisimplicial space 

r6o^...^hi<-0(ao)l 
\ ao<— ...^Qj / 

and it is well-known that this is homeomorphic to the realization of the diagonal simplicial space. 
Restricting to this simplicial space, the two maps in the diagram are induced by the simplicial 
maps that map a simplex 

{bo ^ . . . ^ bi ^ 0(ao), ao <^ . . . ^ at, y) 

with y in (j)*Y{ai), to 

(6o ^ . . . ^ 6i, 7*0(ai . . . ai)^y), respectively (0(ao) <'^'^°°^ . . . 0(ai), y). 

The required homotopy between the topological realizations of these maps is then defined by 
[{bo ^ ... ^bi^ 0(ao) ^ . . . 0(ai), y)\ {su, (1 - s)u)], 
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for 7i G A* and s G /. Here / denotes the unit interval and 

A* = {{uq, ...,u,)e : Mo + • ■ • + ?i» = 1} 
is the standard i-simplex. □ 

The following lemma is needed to ensure that the functor R defined in Section 142] takes values 
in the subcategory of level- wise T-good objects in lU / BF. 

Lemma A. 4. Let A he a small category and let fa '■ Xa — > BF{n) be an A-diagram in U/ BF{n). 
If each fa classifies a well-based quasifibration, then the induced map 

f: hocolimXa ^ BF{n) 
also classifies a well-based quasifibration. 

Proof. Let Wa — /*F(n), and notice that f*V{n) is homeomorphic to hocolim^ Wa since topolog- 
ical realization preserves pullback diagrams. It follows that the puUback of V{n) — > BF{n) along 
/ is homeomorphic to the realization of the simplicial map 

[] Wa,^ U Xa,. 
aa< -i— afc agi ■(— at 

These are good simplicial spaces in the sense of [36], Appendix A, and the map is a degree- wise 
quasifibration by assumption. The result then follows from standard results on realization of 
simplicial quasifibrations and simplicial cofibrations, see e.g. [36], Proposition 1.6 and [19J. □ 
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